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Abstract

We consider the problem of quantifying the amount of influ-
ence one agent can exert on another in the setting of multi-
agent reinforcement learning (MARL). As a step towards a
unified approach to express agents’ interdependencies, we in-
troduce the total and state influence measurement functions.
Both of these are valid for all common MARL systems, such
as the discounted reward setting. Additionally, we propose
novel quantities, called the total impact measurement (TIM)
and state impact measurement (SIM), that characterize one
agent’s influence on another by the maximum impact it can
have on the other agents’ expected returns and represent in-
stances of impact measurement functions in the average re-
ward setting. Furthermore, we provide approximation algo-
rithms for TIM and SIM with simultaneously learning ap-
proximations of agents’ expected returns, error bounds, sta-
bility analyses under changes of the policies, and convergence
guarantees. The approximation algorithm relies only on ob-
serving other agents’ actions and is, other than that, fully de-
centralized. Our work appears to be the first study of deter-
mining influence structures in the multi-agent average reward
setting with provable convergence guarantees.

1 Introduction
The knowledge of mutual influence among a general system
consisting of several entities, subsequently called agents, is
beneficial to learn good strategies. The present work is re-
garding the influence among agents in the area of multi-
agent reinforcement learning (MARL). Here, a shared en-
vironment is affected by the joint action of multiple agents.
For each state of the environment, each agent chooses an
action from its action space. The resulting joint action de-
termines the transition to the following state. Each agent re-
ceives a reward for each transition, which is allowed to be
different for every agent. Here, we consider the problem of
giving a unified representation and an interpretable and mea-
surable quantification of influence among agents.

Existing work addresses specific use cases and objectives
of influence structures in MARL systems, such as reduc-
ing the number of agents that need to collaborate (Guestrin,
Lagoudakis, and Parr 2002), guiding exploration to states
with high influence (Wang et al. 2020), or determining
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which agents need to communicate (Jaques et al. 2018).
They focus on analyzing their method’s effect on the sys-
tem’s objective without explicitly addressing the influence
measurement’s common theoretical aspects. Furthermore,
the mentioned methods to measure influence among agents
are exclusively focusing on the discounted reward setting
(Sutton and Barto 2018). As such, there is a lack of re-
search related to influence in the average reward setting (Put-
erman 1994), which is typically used for ongoing applica-
tions, e.g., load management in energy networks (Callaway
and Hiskens 2011), formation control of vehicles (Fax and
Murray 2004), or repeated auctions (Hoen et al. 2005).

The existing approaches mentioned above seek to resolve
specific problems, such as a reduction of the joint action
space by using a proxy of agents’ influence on one another.
While our method can be used for these applications as
well, the main goal of our work is to address the fundamen-
tal question of how to reliably detect the inherent influence
structure of an environment given a specific policy.

The main contributions of our work are the following.
We introduce a unified approach to express a multi-agent
system’s inherent influence structure, regardless of the re-
ward setting and overall objective. We then build upon this
foundation by introducing the total impact measurement and
state impact measurement. These measurements quantify
the overall and state-dependent influence structure, respec-
tively, in the multi-agent average reward setting. In addition,
we provide decentralized algorithms with stability analysis
and convergence guarantees along with complementary em-
pirical evaluations.

To the best of our knowledge, our work is the first study of
determining influence structures in the multi-agent average
reward setting with provable convergence guarantees.

2 Related Work
One popular representation of agents’ dependencies is a
coordination graph (Guestrin, Lagoudakis, and Parr 2002),
which is used to determine which agents’ actions are rele-
vant for the individual state-action functions. Several works
try to detect the influence that the agents can exert on one an-
other, e.g., (Kok et al. 2005). In contrast to our method, they
require storing all estimations of the state-action values for
the whole time horizon. Furthermore, they do not provide
any theoretical analysis of their approximation method’s



quality. Another approach estimates the maximum expected
utility one agent can potentially receive when coordinat-
ing with subgroups (Zhang and Lesser 2013). Unlike our
method, they rely on an approximation of the state transition
probabilities of the underlying Markov decision process and
only provide empirical evaluations for their method.

Wang et al. (2020) introduce the Value of Interaction to
guide exploration to relevant states. Their formulation is
similar to our proposed formulation of dependencies among
agents. However, they rely on empirical estimation of the
state transition probabilities, which is not the case for our
work. Furthermore, their formulation is restricted to a spe-
cific state, whereas TIM, as proposed in this work, is formu-
lated for the overall influence of one agent on another.

Recently, researchers use the variance in state-action
functions to construct context-aware coordination graphs
(Wang et al. 2021). Contrary to our work, they do not pro-
vide any error bounds of their approximation quality and
their formulation is again restricted to specific states only.

Instead of examining the influence between agents via
their ability to alter the expected long-term return, Jaques
et al. (2018) define causal influence by the changes of one
agent’s actions in the policy of another. However, their ap-
proach either demands that the probability of another agent’s
action, given a counterfactual action, is known or estimated.
Our approach does not rely on this information, as we only
require observing the other agents’ actions.

3 Background
This section introduces the multi-agent Markov decision
process (MDP) in the infinite horizon average reward set-
ting. It is the natural extension of the single-agent case intro-
duced by Puterman (1994). In the section’s second part, we
present some results from stochastic approximation (Borkar
2008), which we need for the proofs of our main results.

Multi-Agent MDP
We consider a system of N agents operating in a shared en-
vironment with discrete time steps t ∈ N. The set of agents
is denoted by N . The environment can be described by a
multi-agent MDP, specified in the following definition.

Definition 3.1 (Multi-agent Markov decision pro-
cess). A multi-agent MDP is defined by a tuple
(S, {Ai}i∈N , P, {ri}i∈N ), where N = {1, . . . , N}
denotes the set of agents, S is a finite state space which is
shared by all agents, A =

∏
i∈N Ai is the joint action space,

where Ai denotes the set of actions of agent i. Additionally,
P : S × A × S → [0, 1] is the MDP’s state transition
probability. There exist functions Ri : S × A → R with
Ri(s, a) = E[rit+1|st = s, at = a], which are denoted as
the individual reward functions. Furthermore, the states and
the joint actions are observable by every agent.

For every time step, each agent chooses its action accord-
ing to its policy πi, which is a probability distribution over
Ai. Therefore, we assume that the individual policies are
conditionally independent given the state, i.e., the joint pol-
icy is given by π(s, a) =

∏
i∈N πi(s, ai) for every s ∈ S

and a ∈ A. For a subset of agents Bj = {bj1, . . . , b
j
k} ⊂ N

we denote aBj = (ab
j
1 , . . . , ab

j
k), and −Bj = N \ Bj . We

are concerned with the average reward setting. The individ-
ual expected time-average reward of agent i ∈ N is

J i(π) := lim
T→∞

1

T

T−1∑
t=0

E
[
rit+1

]
. (1)

To quantify the effects of a specific state and joint action, we
define the relative individual state-action function for agent
i ∈ N , state s ∈ S, and joint action a ∈ A as

Qi
π(s, a) :=

∑
t≥0

E
[
rit+1 − J i(π)|s0 = s, a0 = a

]
. (2)

Consider states s, s′ ∈ S. The probability of transitioning
from state s to s′ given a joint policy π can be denoted by

Pπ(s
′|s) =

∑
a∈A

π(s, a) · P
(
s′|s, a

)
. (3)

This induces a Markov chain over the states {st}t≥0 with
transition matrix Pπ ∈ R|S|×|S|. We make the following
assumption on this Markov chain and the joint policy.
Assumption 3.2. The policies satisfy πi(s, a

i) > 0 for ev-
ery i ∈ N , s ∈ S and ai ∈ Ai. Moreover, for every joint
policy π the induced Markov chain over the states {st}t≥0

is ergodic, i.e., it is irreducible and aperiodic.

By Theorem 4.1 on page 119 in the book of Seneta (2006),
there exists a unique stationary distribution for any ergodic
Markov chain. We denote the stationary distribution of the
Markov chain over the states by dπ . Given some states
s, s′ ∈ S and joint actions a, a′ ∈ A, the probability to
transition from (s, a) to (s′, a′) can be expressed by

PA
π (s′, a′|s, a) = P (s′|s, a) · π(s′, a′). (4)

This induces a Markov chain over the states and actions
{(st, at)}t≥0 with transition matrix PA

π ∈ R|S|·|A|×|S|·|A|.
Note that this Markov chain is ergodic (Zhang et al. 2018)
and its stationary distribution is given by dAπ (s, a) = dπ(s) ·
π(s, a), for every s ∈ S and a ∈ A. One property that we
use throughout this paper is a simplified representation of
averages over an ergodic Markov chain (Zhang et al. 2018).
For example, one can represent the individual long-term re-
turn defined in Equation (1) by

Jj(π) =
∑
s∈S

dπ(s)
∑
a∈A

π(s, a) ·Rj(s, a). (5)

Stochastic Iteration Approximation
Our main results use the following statements. We state here
a special case of Corollary 8 and Theorem 9 on pages 74-75
of Borkar (2008). These special cases have been formulated
by Zhang et al. (2018).

Consider an n-dimensional stochastic approximation iter-
ation for γt > 0

xt+1 = xt + γt [h (xt, Yt) +Mt+1 + βt+1] , t ≥ 0 (6)

where {Yt}t≥0 is a Markov chain on a finite set A.



Assumption 3.3. We make the following assumptions:

(a) h : Rn ×A → Rn is Lipschitz in its first argument;
(b) {Yt}t≥0 is an irreducible Markov chain with stationary

distribution π;
(c) The stepsize sequence {γt}t≥0 satisfies

∑
t≥0 γt = ∞

and
∑

t≥0 γ
2
t < ∞;

(d) {Mt}t≥0 is a martingale difference sequence, satisfying
for some K > 0 and t ≥ 0

E
(
∥Mt+1∥2 | xτ ,Mτ , Yτ ; τ ≤ t

)
≤ K ·

(
1 + ∥xt∥2

)
;

(e) The sequence {βt}t≥0 is a bounded random sequence
with βt → 0 almost surely as t → ∞.

If Assumption 3.3 holds, then the asymptotic behavior of
the iteration in Equation (6) is related to the behavior of the
solution to the ordinary differential equation (ODE)

ẋ = h̄(x) =
∑
i∈A

π(i)h(x, i) (7)

Furthermore, suppose the ODE in Equation (7) has a unique
globally asymptotically stable equilibrium x∗, then we have
the following two theorems connecting this solution to the
original iteration algorithm (6).

Theorem 3.4 ((Zhang et al. 2018)). Under Assumption 3.3,
if supt≥0 ∥xt∥ < ∞ a.s., we have xt → x∗

Theorem 3.5 ((Zhang et al. 2018)). Under Assumption 3.3,
suppose that limc→∞

h̄(cx)
c = h∞(x) exists uniformly on

compact sets for some h∞ ∈ C (Rn). If the ODE ẏ =
h∞(y) has the origin as the unique globally asymptotically
stable equilibrium, then supt≥0 ||xt|| < ∞ almost surely.

4 Influence Representations
The present work aims to specify and detect influence struc-
tures among agents in a multi-agent system. For this pur-
pose, we first specify dependent and independent agents,
following the definition of Guestrin, Venkataraman, and
Koller (2002). Afterward, we introduce a novel represen-
tation framework of agents’ influence structures, which is
valid for all common reward settings and MDP formulations.

Dependencies and Independencies in Multi-Agent
Systems
Given a state s ∈ S , one agent’s actions are relevant for
another, if these actions either directly influence the reward
of the other agent, or affect the state for the other agent
and, therefore, influence the reward indirectly. Both effects
are captured in the individual state-action functions. Let
Bj ⊂ N be a subset of agents and j ∈ N , then agent j
is exclusively dependent on the agents in Bj in s ∈ S if

Qj
π(s, a

Bj

, a−Bj

) = Qj
π(s, a

Bj

) for all a ∈ A. (8)

If this holds for all s ∈ S , then agent j acts completely
independent in the MDP from agents in B−j .

Influence Measurement Functions
A binary representation of the dependency group Bj is given
by so-called coordination graphs (Guestrin, Venkataraman,
and Koller 2002). However, strict independence as defined
above often does not hold, which leads to large Bj’s or even
Bj = N . Several approaches demonstrated that one can ap-
proximate the individual state-action functions quite well by
assuming some agents to be independent of others (Sune-
hag et al. 2018; Böhmer, Kurin, and Whiteson 2019; Zhang
and Lesser 2013). That means Qj

π(s, a) ≈ Qj
π(s, a

B
j

) for
B

j ⊊ Bj . That indicates not every agent in Bj has equal in-
fluence on agent j’s individual state-action function. There-
fore, one needs a representation that allows a more fine-
grained distinction of influence to express these differences.

There is no single quantity to express influence in a multi-
agent system, as it depends on the specific use case. How-
ever, the study of different kinds of influence structures of-
fers great value as a descriptive inherent property. Therefore,
we propose a general framework to express influence struc-
tures in the form of abstract functions that are only bound
by the independence criterion from Equation (8). We intro-
duce an expression of state-dependent influence structures
with the so-called state influence measurement function.

Definition 4.1 (State influence measurement function). Let
Ω be an arbitrary set, N a set of N agents with joint pol-
icy π =

∏
j∈N πj , and individual state-action functions

Q1
π, . . . , Q

N
π . Furthermore, let ΨS : S × Ω → [0,∞)N×N

be a matrix-valued function such that for any s ∈ S and
ω ∈ Ω an entry ΨS

i,j(s, ω) > 0 if and only if there exist
actions a−i ∈ A−i, ai, āi ∈ Ai such that Qj(s, a−i, ai) ̸=
Qj(s, a−i, āi). Then, the function ΨS is called a state influ-
ence measurement function of the system of agents N .

A total influence measurement function is suitable to ex-
press global influence structures.

Definition 4.2 (Total influence measurement function). Let
Ω be an arbitrary set, N a set of N agents with joint pol-
icy π =

∏
j∈N πj , and individual state-action functions

Q1
π, . . . , Q

N
π . Furthermore, let Ψ : Ω → [0,∞)N×N be a

matrix-valued function such that for any ω ∈ Ω an entry
Ψi,j(ω) > 0 if and only if there exist a state s ∈ S and
actions a−i ∈ A−i, ai, āi ∈ Ai such that Qj(s, a−i, ai) ̸=
Qj(s, a−i, āi). Then, the function Ψ is called a total influ-
ence measurement function of the system of agents N .

Note that the definitions of state and total influence mea-
surement functions are valid for any setting with a well-
defined state-action function. Therefore, it holds for the av-
erage reward setting, which we focus on in our later analy-
ses, but also for the discounted reward setting (Sutton and
Barto 2018). Furthermore, it holds for setups with infinite
state and action spaces. The set Ω offers a parametrization
of an influence measurement, for example, in the form of a
prior that holds expert knowledge about the environment.

The value of an influence measurement function’s knowl-
edge is contingent on its semantic meaning. Nonetheless,
there are specific interpretations that are valid for any influ-
ence measurement function. For a total influence measure-



ment function, one can assume that for every agent j there
exists at least one agent i ∈ N such that the individual state-
action function Qj

π is dependent on the actions of agent i.
Otherwise, no action in any state in the system could influ-
ence the reward of agent j in any way. Note that i = j is al-
lowed here. That means that the matrix Ψ(ω) has a positive
entry in any row and column. Therefore, one can always get
either a row- or column-stochastic matrix Ψ(ω) from Ψ(ω)
by respectively normalizing the rows or columns.

For a column stochastic Ψ(ω), one can interpret column
j as a probability distribution of the influence the agents in
N can have on agent j’s state-action function. In this case,
one can deduce a ranking depending on Ψ, e.g., to determine
which agents should be in the coordination group Bj .

The entries in row i in a row-stochastic matrix Ψ(ω) can,
on the other hand, be interpreted as a probability distribu-
tion of agent i’s influence on the system of agents according
to Ψ. This can be used, for example, in a cooperative set-
ting, where the objective is to maximize the long-term re-
turn of the whole system. An entry Ψi,j(ω) describes the
influence agent i has on agent j according to Ψ. If this entry
is large compared to the other ones in the row, then agent
i should pay attention to its effects on agent j’s expected
reward when taking its actions.

The same deductions are valid for a state influence mea-
surement function ΨS , although the assumption of a positive
entry in every row and column does not necessarily hold.

5 Influence Measurement Functions in the
Average Reward Setting

In this section, we propose novel quantities to measure in-
fluence among agents, as the maximum impact an agent can
have on the individual state-action function of another. We
show that the proposed quantities are instances of a state and
total influence measurement function respectively, and give
approximation algorithms with convergence proofs.

The Total Impact Measurement
The core of the proposed measurements consists of the so-
called impact sample, which quantifies the maximum impact
one agent can have on the expected return of another given
a specific state and joint action.
Definition 5.1 (Impact sample). Let π =

∏
i∈N πi be a joint

policy of a set of agents N , which are acting in a multi-agent
MDP. For a state s ∈ S and joint action a ∈ A, we define
the impact sample of agent i on agent j as

U i→j
π (s, a) := max

ai∈Ai
Qj

π(s, a
−i, ai)− min

ai∈Ai
Qj

π(s, a
−i, ai).

(9)

Here Qj
π denotes the individual state-action function for

agent j and a−j = (a1, . . . , aj−1, aj+1, . . . , aN ) the joint
action except the action of agent j.

The impact sample for agent j on agent i, given a specific
s ∈ S and a joint action a ∈ A, indicates how much agent j
can influence the expected long-term return of agent i. Av-
eraging this over all possible states and joint actions yields
the total impact measurement.

Definition 5.2 (Total impact measurement). Let π =∏
i∈N πi be a joint policy and {(st, at)}t≥0 the induced

Markov chain over the states and actions in a multi-agent
MDP. The total impact measurement (TIM) of agent i on
agent j, for i, j ∈ N , is defined as

TIi→j(π) := lim
T→∞

1

T

T−1∑
t=0

E
[
U i→j

π (st, at)
]
. (10)

Note that under Assumption 3.2, there exists a stationary
distribution over the states and actions dAπ = dπ · π, where
dπ is the stationary distribution over the states. Then one can
represent TIM by

TIi→j(π) =
∑
s∈S

dπ(s)
∑
a∈A

π(s, a) · U i→j
π (s, a). (11)

As the stationary distribution dAπ is strictly positive and
the impact samples U i→j

π are greater or equal to zero, we
see that TIi→j(π) = 0 if and only if U i→j

π (s, a) = 0 for all
s ∈ S, a ∈ A. When we observe Equation (9), we see that
TIi→j(π) = 0 if and only if Qj(s, a−i, ai) = Qj(s, a−i, āi)
for all s ∈ S, a−i ∈ A−i and ai, āi ∈ Ai. Therefore, the
constant matrix-valued function TIπ : Ω → [0,∞)N×N ,
with entries given by (TIπ)i,j (ω) = TIi→j(π), is a total
influence measurement function by Definition 4.2.

That means, if we can estimate TIM reliably, we obtain an
unbiased total influence measurement function. Its semantic
meaning is determined by the impact sample, i.e., it repre-
sents the maximum impact of an agent on the expected long-
term return of another. In general, one does not know the
individual state-action functions, but only some approxima-
tions of them. We denote an approximation of an individ-
ual state-action function by Q

j

π and a resulting formulation
of an approximated TIM using Equation (11) by TI

i→j
π . The

following theorem gives an error bound between the approx-
imated TIM and the true TIM, depending on the individual
state-action functions’ approximation error.

Theorem 5.3. The error of the approximated TIM to the
true TIM of agent i on agent j satisfies∣∣∣TIi→j(π)− TIi→j

(π)
∣∣∣ ≤ 2 ·

∥∥∥Qj
π −Q

j

π

∥∥∥
∞
.

Proof. Let i, j ∈ N , then we see∣∣∣TIi→j(π)− TIi→j
(π)

∣∣∣ ≤ ∑
s∈S

dπ(s)
∑
a∈A

π(s, a)·(∣∣∣∣max
ai∈Ai

Qj
π(s, a

−i, ai)− max
ai∈Ai

Q
j

π(s, a
−i, ai)

∣∣∣∣
+

∣∣∣∣ min
ai∈Ai

Qi
π(s, a

−i, ai)− min
ai∈Ai

Q
j

π(s, a
−i, ai)

∣∣∣∣)
≤
∑
s∈S

dπ(s)
∑
a∈A

π(s, a)
(
2 ·

∥∥∥Qj
π −Q

j

π

∥∥∥
∞

)
=2 ·

∥∥∥Qj
π −Q

j

π

∥∥∥
∞
.



This bound shows that if we can determine TI
i→j

(π), we
get a good approximation of TIM provided that the approx-
imation error of Q

j

π is small. For an approximation func-
tion, we consider parametrized function classes. Denote with
Qj

π : S ×A×Rkj → R the individual state-action function
of agent j, parametrized by ηj ∈ Rkj for kj ∈ N. We denote
the parametrized impact samples and TIM by U i→j

π (s, a, ηj)
and TIi→j(π, ηj) respectively.

Our proposed approximation algorithm of TIM works to-
gether with a simultaneously learning state-action function
approximation algorithm, which provides an iteration se-
quence {ηjt }t≥0. For our later results, we state two mild as-
sumptions on the iteration algorithm creating {ηjt }t≥0 and
the parametrized individual state-action functions.

Assumption 5.4. The parametrized state-action function
Qj(s, a, η) is continuous in η ∈ Rkj , for every j ∈ N ,
s ∈ S, and a ∈ A.

Assumption 5.5. Let j ∈ N . We assume that the iteration
sequence {ηjt }t≥0 is almost surely bounded, i.e., there exists

a K > 0 such that supt≥0

∥∥∥ηjt∥∥∥ < K < ∞ almost surely.

Additionally, there exists an ηj,∗ ∈ Rkj such that ηjt → ηj,∗

almost surely.

The above assumption essentially demands that the iter-
ation algorithm, to approximate the individual state-action
function, converges at some point. The considered iteration
algorithm of TIM with parametrized individual state-action
functions is given by

νi→j
t+1 = (1− αt)ν

i→j
t + αt · U i→j

π (st, at, η
j
t ), (12)

where {αt}t≥0 is a stepsize sequence satisfying part (c)
of Assumption 3.3. With this, we state our main result.

Theorem 5.6. Under Assumptions 3.2, 5.4, and 5.5, the it-
eration defined in Equation (12) has the following property

νi→j
t+1 → TIi→j(π, ηj,∗

π ) almost surely. (13)

Proof. We define

h(νi→j
t , (st, at)) := U i→j

π (st, at, η
j,∗
π )− νi→j

t ,

Mt+1 := 0,

βt+1 := U i→j
π (st, at, η

j
t )− U i→j

π (st, at, η
j,∗
π ),

where we can see that the iteration algorithm

νi→j
t+1 = νi→j

t + αt ·
(
h(νi→j

t , (st, at)) +Mt+1 + βt+1

)
is equal to the iteration algorithm defined in Equation (12).
To show the convergence of this iteration algorithm, we con-
sider in the first step a slightly different algorithm. For this,
observe that by Assumption 5.5, the sequence {ηjt }t≥0 is
almost surely bounded. That means there exists K > 0

such that P (supt≥0

∥∥∥ηjt∥∥∥ < K) = 1. Define the error term

β̃t := I{supt≥0 ∥ηj
t∥<K} · βt, where IA denotes the indicator

function on a set A. Define the following iteration algorithm
with the restricted error sequence β̃t

ν̃i→j
t+1 := ν̃i→j

t + αν,t ·
(
h(ν̃i→j

t , (st, at)) + β̃t+1

)
. (14)

First, we check that parts (a) to (e) from Assumption 3.3
hold. The function h : Rkj × S × A → R is Lipschitz
continuous in its first argument, i.e.,

|h(ν, (s, a))− h(ν′, (s, a))| = |ν − ν′| for s ∈ S, a ∈ A,

and part (a) holds. By Assumption 3.2, the Markov chain
{(st, at)}t≥0 is ergodic, which means that it satisfies part
(b). Furthermore, the stepsizes {αt}t≥0 satisfy part (c).
As the sequence {Mt}t≥0 is the zero sequence, it is triv-
ially a martingale difference sequence with a conditionally
bounded norm, and satisfies part (d). Finally, for part (e), it
remains to show that {β̃t}t≥0 is a bounded random sequence
that converges to zero almost surely. For this, note that ηjt
is uniformly bounded on the set {supt≥0

∥∥∥ηjt∥∥∥ < K}. By
Assumption 5.4, we get that the parametrized impact sam-
ples U i→j

π (s, a, ηj) are continuous in ηj . In particular, as it
is a continuous function on the compact set {ηj ∈ Rkj :∥∥ηj∥∥ < K}, we get that it is bounded. Therefore, together
with the convergence of ηjt → ηj,∗π , we get that {β̃t}t≥0 is
a bounded random sequence that converges to zero. There-
fore, Assumption 3.3 is satisfied for the iteration algorithm
from Equation (14). Next, consider the ODE given by

ν̇i→j =
∑
s∈S

dπ(s)
∑
a∈A

π(s, a) · h
(
νi→j , (s, a)

)
= −νi→j +

∑
s∈S

dπ(s)
∑
a∈A

π(s, a) · U i→j
π (s, a, ηj,∗)

and define the right-hand side as f(νi→j). We can see that
νi→j =

∑
s∈S dπ(s)

∑
a∈A π(s, a)U i→j

π (s, a, ηj,∗) is an
equilibrium solution to the ODE above, and as f is Lips-
chitz continuous, we get by the theorem of Picard-Lindelöf,
see page 89 in the book of Adkins and Davidson (2012), that
this solution is unique. Define the function fc(ν

i→j) = c−1 ·
f(cνi→j). Then limc→∞ fc(ν

i→j) = −νi→j =: f∞(νi→j)
exists and the ODE ν̇i→j = f∞(νi→j) has the origin as
unique asymptotically stable equilibrium. Therefore, we get
by Theorem 3.5 that supt≥0 ||ν

i→j
t || < ∞ almost surely.

Then, we can use Theorem 3.4 to conclude that

ν̃i→j
t → TIi→j(π, ηj,∗

π ) a.s. (15)

To extend this result to the original iteration sequence, ob-
serve that

{
supt≥0

∥∥∥ηjt∥∥∥ ≥ K
}

is a null-set.

The State Impact Measurement
TIM averages the maximum impact one agent can have on
the individual state-action function of another over all possi-
ble transitions. However, given a specific state, some agents
might have a significant impact on the individual state-action
functions of others, even though their average influence is



small. Therefore, one would like to quantify state-dependent
influence structures among the agents. Therefore, we intro-
duce the state impact measurement, which constitutes a state
influence measurement function by Definition 4.1.

Definition 5.7 (State impact measurement). Let π be a joint
policy of the N agents over the joint action space A. Take the
state s ∈ S and denote the Markov chain over the actions in
state s by {asts}ts≥0. The state impact measurement (SIM)
of agent i on agent j, for i, j ∈ N is defined as

SIi→j(s, π) := lim
Ts→∞

1

T s

Ts−1∑
ts=0

E
[
U i→j

π (s, as
ts)

]
, (16)

where U i→j
π (s, a) denotes the impact sample from Defini-

tion 5.1.

Note that SIM only considers the Markov chain over the
actions {asts}ts≥0 given a specific state s ∈ S. Hence, one
ignores the state transition probabilities of the underlying
MDP and only considers the distribution over the joint ac-
tions for a state s. As we only consider the actions for a given
state s, π(s, ·) is the stationary distribution of the Markov
chain {asts}ts≥0. Therefore, one can represent SIM by

SIi→j(s, π) =
∑
a∈A

π(s, a) · U i→j
π (s, a). (17)

Under Assumption 3.2, one can record the instances of
{at}t≥0 for each state s in a tabular fashion, which allows
sampling from {asts}ts≥0. With this insight, one can observe
that the theoretical results from above carry over with only
slight variations in the proofs. Therefore, we state the fol-
lowing two results without proof.

First, we give an error bound similar to the statement from
Theorem 5.3. We denote the approximated SIM by SI

i→j

using the approximated individual state-action function Q
j

π .

Theorem 5.8. Let s be in S. The error of the approximated
SIM in s to the true one of agent i on agent j satisfies∣∣∣SIi→j(s, π)− SI

i→j
(s, π)

∣∣∣ ≤ 2 ·
∥∥∥Qj

π(s, ·)−Q
j

π(s, ·)
∥∥∥
∞
.

We denote the parametrized SIM by SIi→j(·, π, ηj) for
i, j ∈ N and ηj ∈ Rkj . The approximation algorithm is

νi→j
ts+1(s) = (1− αts)ν

i→j
ts (s) + αts · U i→j

π (s, as
ts , η

j
t ), (18)

where {αts}ts≥0 denotes a stepsize sequence satisfying
part (c) of Assumption 3.3.

Theorem 5.9. Under Assumptions 3.2, 5.4, and 5.5, the iter-
ation defined in Equation (18) has the following convergence
property for every s ∈ S

νi→j
ts+1(s) → SIi→j(s, π, ηj,∗

π ) almost surely. (19)

Continuity in Policy Changes
The preceding analyses treated the joint policy π as fixed. In
the following, we relax this restriction and show that TIM
and SIM are continuous in changes of the policy π, which is

crucial for applications as one can expect the approximation
algorithm’s behavior to be highly unstable otherwise.

We consider parameterized functions to track changes in
the policies. Let θj ∈ Rmj for mj ∈ N and πj

θj be the
policy of agent j. Denote with θ = [(θ1)T , . . . , (θN )T ]T ∈
Rm :=

∏
j∈N Rmj the joint policy parameters, and denote

the parametrized joint policy by πθ =
∏

j∈N πj
θj . Note that

when we require Assumption 3.2 to hold, that it is assumed
that the parametrized policies have a positive probability for
every state and action. Furthermore, we assume the follow-
ing for the parametrized policies:

Assumption 5.10. The function πj
θj (s, a

j) is continuously
differentiable in θj ∈ Rmj for s ∈ S, aj ∈ Aj , and i ∈ N .

To prove the continuity of TIM and SIM in θ, one needs
to establish the continuity of the stationary distribution dθ,
the joint policy πθ, and the impact samples U i→j

θ . We omit
the proof due to space restrictions.

Theorem 5.11. Let Θ ⊂ Rm be a compact set, and let πθ

be the joint policy. Under Assumptions 3.2 and 5.10, the to-
tal impact measurement TIi→j(πθ) and state impact mea-
surement SIi→j(s, πθ) are continuous in θ ∈ Θ for every
i, j ∈ N and s ∈ S.

6 Empirical Results
The applied techniques to guarantee convergence of our pro-
posed algorithms do not provide statements about specifics
of the convergence behavior (Borkar 2008). We present em-
pirical results to test our approximation algorithms in prac-
tice in this section.

Setup and Methodology
The used environment is a randomly generated multi-agent
MDP in the form described by Zhang et al. (2018). We
chose randomly generated environments since they repre-
sent a problem-independent way to evaluate our methods.
Furthermore, one can control their inherent structure, such
that we can, e.g., analytically approximate TIM and SIM.

We generate random environments with |N | = 5 agents,
|S| = 5 states, and binary action spaces Aj = {0, 1}. The
randomly generated embeddings of the state-action pairs
(s, aj) are denoted by ϕ(s, aj) ∈ Rmj . We sample the en-
tries of the policy parameters θj ∈ Rmj uniformly from
[− 1√

mj
, 1√

mj
]. To determine the probability distribution of

the policies πj
θj , we use the Boltzmann policies (Sutton and

Barto 2018). Note that this setup satisfies Assumption 3.2
and the policies satisfy Assumption 5.10.

We want to test TIM’s and SIM’s approximation al-
gorithms with different influence structures among the
agents. Therefore, when we conduct experiments where
some agents are independent of others, we adjust the en-
vironment in the following way. We set the rows of the
transition probability matrix all equal to the first row, i.e.,
P (s′|·, ·) = P (s0|·, ·) for all s′ ∈ S . This prevents the
agents to influence one another over long-term effects, de-
pending on the transitions to other states. To achieve that



(a) TIM approximation error with static πθ

and varying dependency structures
(b) SIM approximation error with static πθ

and varying dependency structures
(c) TIM and SIM approximation error with
learning πθt

Figure 1: Empirical performance of the approximation algorithms of TIM and SIM. Each scenario was conducted for 50
different seeds. The bold line represents the median and the shaded areas the 95%-quantiles.

agent j is independent of the immediate effects on the re-
ward of agent i’s actions, we set the entries for a state s ∈ S,
and actions a−i = (a1, . . . , ai−1, ai+1, . . . aN ) ∈ A−i in
the reward matrix to Rj(s, a−i, ai) = Rj(s, a−i, ai) for all
ai, ai ∈ Ai. If we change the environment in this way, we
say that we enforced some influence structure on the agents.

In general, this randomly generated multi-agent MDP al-
lows us to approximate TIM and SIM analytically. With this,
we can track the performance of the approximation algo-
rithms precisely. The approximated TIM and SIM matrices
using this state-action function approximation are denoted
by TIana(πθ) and SIana(s, πθ).

As learning algorithm for the state-action functions
Qj

θ(·, ·, ηj), we use the tabular SARSA algorithm for the
average-reward setting (Sutton and Barto 2018). The learn-
ing rates α and β are set to α = β = 0.036. The entries
of the state-action table are initially set to one. Note that
this learning algorithm satisfies Assumptions 5.4 and 5.5.
The TIM and SIM approximation matrices using the learn-
ing state-action function for the algorithm from Equations
(12) and (18) are denoted by TI(πθ, ηt) and SI(s, πθ, ηt).

For both approximation algorithms, we initialize the ap-
proximation of TIM and SIM for all i, j ∈ N to 1

|N | = 1/5

and set the learning rates to αTIM
t = 0.471

t0.726 and αSIM
t = 0.74

t0.539 .
In the first experiment, we consider a static policy πθ for

different dependency structures among the agents. We as-
sume that each agent can at least influence its state-action
function. To determine the overall dependency structures
among the agents, we randomly sample a number of addi-
tional dependencies Ladd from the remaining ones.

The second experiment measures the above errors with
changing policy parameters θt without enforcing any influ-
ence structure. As the policies’ learning algorithm, we use
Algorithm 1 of Zhang et al. (2018), which is a multi-agent
actor-critic algorithm for a fully cooperative setup.

Results
The first experiment’s results can be seen in Figures 1a and
1b. They show the approximation errors of TI(πθ, ηt) to
TIana(πθ) and SI(s, πθ, ηt) to SIana(s, πθ) for different val-
ues of Ladd. In all scenarios, the error is monotonically de-

creasing in t. One observes that the initial approximation
error increases with an increasing number of dependencies
among the agents. However, the final approximation error
has the reversed order. This results from the fact that de-
tecting that two agents are independent, the impact samples
need to be zero. However, a non-zero approximation error
in the individual state-action functions leads to the impact
samples being bounded away from zero, which leads to an
overestimation of the TIM and SIM approximations.

Figure 1c shows the second experiment’s results for a
learning policy. The blue line shows the ∥·∥1-norm of the
differences in the policy parameters from t to t+1. One can
observe that the approximation error of TIM and SIM de-
crease consistently, but slower and with a higher error than in
the experiment with a static policy. Nonetheless, this exper-
iment demonstrates the validity of using the approximation
algorithm in the context of the policies’ learning algorithm.

7 Final Remarks

The present work investigates influence structures in MARL
systems. We introduce influence measurement functions as a
unified descriptive framework for influence structures in all
common setups. The total and state impact measurements
are presented, which constitute instances of influence mea-
surement functions in the average reward setting. Thorough
theoretical analyses of their stability and corresponding ap-
proximation algorithms’ convergence and error bounds are
given. The empirical experiments indicate that the proposed
algorithms are promising for practical applications.

There are various directions of future work. A more ex-
tensive study of TIM’s and SIM’s expressive prowess in en-
vironments with a semantic meaning could be conducted.
Another valuable contribution would be extending the theo-
retical results of SIM’s approximation with function approx-
imation, to make it tractable for large state spaces. Lastly,
one could introduce and study instances of influence mea-
surement functions in other settings, such as the discounted
reward setting, or with infinite state and action spaces.



References
Adkins, W. A.; and Davidson, M. G. 2012. Ordinary Dif-
ferential Equations. Undergraduate Texts in Mathematics.
New York: Springer New York, first edition. ISBN 978-1-
4614-3617-1.
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