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Abstract

In this paper, we study the mean dynamics of the soft-max
policy gradient algorithm in multi-agent settings by resort-
ing to evolutionary game theory and dynamical system tools.
Such a study is crucial to understand the algorithm’s weak-
nesses when employed in multi-agent settings. Unlike most
multi-agent reinforcement learning algorithms, whose mean
dynamics is a slight variant of the replicator dynamics not
affecting the properties of the original dynamics, the soft-
max policy gradient dynamics presents a structure signifi-
cantly different from that of the replicator. Indeed the dy-
namics is equivalent to the replicator dynamics in a different
game derived by a non-convex transformation of the payoffs
of the original game. First we recover the properties—already
known for the discrete-time soft-max policy gradient—for the
continuous-time mean dynamics in the case of learning a best
response. As it commonly happens, the continuous-time dy-
namics allow for a simpler analysis and deeper understand-
ing of the algorithm that we use to characterize fully the dy-
namics and improve on its theoretical understanding. Then,
we resort to models based on single- and multi-population
games, showing that the dynamics preserve the volume as
prove that, in arbitrary instances, it is not possible to obtain
last-iterate convergence when the equilibrium of the game is
fully mixed. Furthermore, we give empirical evidence that
dynamics starting from close initial points may expand over
time, thus showing that the behaviour of the dynamics in
games with fully-mixed equilibrium is chaotic.

1 Introduction
In Multi-Agent Reinforcement Learning (MARL), every
agent learns independently of the others how to play a strate-
gic interaction situation (a.k.a. strategic game) in a shared
environment. In particular, every agent acts in an unknown
non-stationary Markov Decision Problem, where the non-
stationarity is due to the evolution of the opponents’ strate-
gies over time. Most algorithm in Reinforcement Learn-
ing (RL) only provide theoretical guarantees in restricted
settings, i.e., every agent is guaranteed to converge to the
optimal solution when facing non-learning opponents. Fur-
thermore, some MARL algorithms also present convergence
guarantees in self-play under very restrictive assumptions,
e.g., Neural Fictitious Self Play (Heinrich and Silver 2016)
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and Deep-CFR (Brown et al. 2019). Thanks to the dynamical
systems formulation of evolutionary game theory (EGT), the
algorithms can be studied in terms of properties—e.g., the
set of stationary strategies, the set of asymptotically stable
strategies, and the convergence rate—in different settings—
e.g., best-response problem, single-population games, and
multi-population games. Interestingly, most MARL algo-
rithms, such as, e.g., Q-learning (Kaisers and Tuyls 2010;
Tuyls, Verbeeck, and Lenaerts 2003), and multiple no-regret
algorithms (Klos, van Ahee, and Tuyls 2010) have mean dy-
namics that are slight variants of the replicator dynamics and
having the same properties of the original dynamics.

One of the most interesting techniques developed in re-
inforcement learning is policy gradient (Peters and Schaal
2006; Sutton et al. 1999). It comes under various flavours
such as, SAC (Haarnoja et al. 2018), DDPG (Lillicrap et al.
2016), MADDPG (Lowe et al. 2017), A3C (Mnih et al.
2016), and REINFORCE (Williams 1992). Policy-gradient
methods work on a constrained space of policies, each of
which is fully described by a parameters vector. Such an ap-
proach plays a crucial role whenever the space of an agent’s
(unparameterized) strategies is huge so that the learning of
such strategies may result unaffordable in terms of sam-
ples complexity. Indeed, policy-gradient methods allow us
to work on the policy parameters space that is generally
smaller than the strategy space, so as to model a wide space
of strategies with a compact number of parameters. Such an
approach may result crucial in, e.g., online settings where
one cannot afford to simulate millions of samples to find an
optimal strategy. On the other hand, this introduces an ad-
ditional generalization error, instead, we focus on the unre-
stricted case, having a parameter per action, hence bringing
to zero the further generalization error. Our paper focuses
on the soft-max policy gradient algorithm, which is the most
commonly adopted flavor of policy gradient. We find that ex-
ists a non-trivial connection between the replicator dynam-
ics and the soft-max policy gradient dynamics. This feature
was overlooked in the literature and both clarifies the under-
lying nature of the problem of the soft-max policy gradient
algorithm and requires a new set of techniques, as the main
bulk of the literature on the replicator is on games with lin-
ear payoffs. We first study the case in which an agent needs
to learn the best response to a given opponents’ joint strat-
egy. As commonly happens when studying continuous-time



approximations, our analysis of the continuous-time dynam-
ics both provides cleaner derivations of previously know re-
sults and a deeper theoretical understanding of the properties
of the soft-max policy gradient algorithm. Namely, (i) we
discover that the soft-max policy gradient algorithm corre-
sponds to the replicator dynamics on a game with non-linear
payoffs, and (ii) we are able to characterize exactly the set of
points called in the literature as bad initialization points, i.e.,
starting point for the dynamics s.t. the evolution moves ini-
tially toward sub-optimal strategies. This exact characteriza-
tion is of paramount importance when shifting the attention
from having to learn the best response to considering learn-
ing opponents. The conclusion of this analysis is that while
the softmax policy gradient has sound theoretical guarantees
when learning the best response, its properties make it less
appealing in the presence of adversarial opponents.

In the second part of the work, we study the case in which
all the agents learn simultaneously. To the best of our knowl-
edge, this is the first work to study theoretically the be-
haviour of the soft-max policy gradient algorithm in multi-
agent environments. This case is customarily tackled in the
evolutionary game theory literature by investigating both
the corresponding single and multiple-population games. In
the former case, a single population of agents is playing
against themselves. This model is customarily adopted as
an abstraction of settings with many agents, e.g., Hu et al.
(2020) propose the use of single-population games as a
tool for studying large populations of anonymous, indepen-
dently learning agents and for studying the frequencies of
competing biological traits such as genotypes. On the other
hand, to analyze the multiple population case we resort to
the above-mentioned, non-trivial, correspondence between
the continuous-time dynamics of the soft-max policy gra-
dient algorithm and the replicator dynamics. We rely on re-
sults based on the replicator dynamics on non-linear payoffs,
while most of the current literature analyzes the case of lin-
ear payoffs. Indeed, the non-linearity of the payoffs of the
dynamics makes the results currently available in the litera-
ture meaningless. Finally, we prove that the soft-max policy
gradient algorithm demonstrates volume conservation when
the game has an interior Nash equilibrium and, hence, it is
Poincaré recurrent.

2 Preliminaries
Game Theory A normal-form game is defined as a tuple:
(N , {A(i)}i∈N , {r(i)}i∈N ), where N is a set of n agents,
A(i) is the action set of agent i, and r(i) : A(1) × . . . ×
A(n) → [0, 1] is the utility function that associates each
agents’ joint action with the payoff of agent i. From now on,
for the sake of simplicity, we assume that all the agents have
the same number of actions, or, formally, |A(i)| = m. The
strategy x(i) ∈ ∆(A(i)) of an agent i is defined as a prob-
ability distribution over her actions A(i), where ∆(A(i)) is
the simplex over A(i). We denote the j-th component of x(i)

with x
(i)
j , corresponding to the probability of playing action

aj ∈ A(i). Furthermore, a strategy profile is defined as a
tuple x = (x(1), . . . ,x(n)) specifying a strategy for each

agent. In this paper, we focus on the central concept of Nash
equilibrium, in which the strategy of every agent is a best
response to the opponents’ strategies. Formally in a NE x̄
it holds that, for all i x̄(i) = argmaxx(i) r(i)(x(i), x̄(−i)),
where (−i) denotes the set of indices different from i.

Evolutionary Game Theory and Replicator Dynamics
Evolutionary game theory captures the situation in which the
agents are not rational and adapt their strategies dynamically
over time t ∈ R+. The central concept is that of population.
A population i ∈ N is a potentially infinite collection of in-
dividuals with a common action set of actions A(i), where
each individual plays a fix action aj ∈ A(i). The aggre-
gate behavior of population i is modeled by the frequency
whereby an individual playing action aj is met among all
the possible individuals of that population. This leads to a di-
rect connection between populations and agents, where ev-
ery population i corresponds to an agent i and vice versa.
Thus, at every time t, the state of the populations is de-
scribed by a strategy profile x(t) := (x(1)(t), . . . ,x(n)(t)).
The fitness of an individual of population i playing action aj

is provided by the function Π
(i)
j (x(1)(t), . . . ,x(n)(t)) ∈ R,

while Π(i)(x(1)(t), . . . ,x(n)(t)) is the fitness vector for all
actions of population i. Hence, the mean fitness of popula-
tion i is x(i)(t)⊤Π(i)(x(1)(t), . . . ,x(n)(t)), where ‘⊤’ de-
notes the transpose operator. Notice that the mean fitness of
population i is the expected (over agents’ strategies) pay-
off r(i). The evolution of x(t) over time is determined by
a continuous-time dynamical system. Replicator Dynamics
are one of the most studied dynamics and have the property
that the time derivative of each j-th component ẋ(i)

j (t) is
proportional to the difference between the fitness associated
with aj and the average fitness of population i. Formally, we
have:

ẋ
(i)
j (t) = x

(i)
j (t)

[
Π

(i)
j

(
x(1)(t), . . . ,x(n)(t)

)
− x(i)(t)⊤Π(i)

(
x(1)(t), . . . ,x(n)(t)

) ]
. (1)

Note that, the asymptotically-stable states of the above evo-
lutionary model are a subset of the Nash equilibria (see for
example (Hofbauer and Sigmund 1998; Cressman, Ansell,
and Binmore 2003; Sandholm 2010b)). In particular, when
n = 1, the model is called single-population or symmetric
game, and the central concept is the one of Evolutionary Sta-
ble Strategies (ESS) to which the RD converge. Formally an
ESS is defined as follows (Sandholm 2010b):
Definition 1. A strategy x ∈ ∆|A| is an ESS of a single
population game defined by a fitness function Π(·) if there is
a neighborhood O of x such that (z− x)⊤Π(z) < 0 for all
the strategies z ∈ O \ {x}.1

Dynamical Systems Given an autonomous dynamical
system ẋ(t) = f(x(t)) with x ∈ D ⊆ Rd where D is an
open domain and f : Rd → Rd a continuously differentiable
vector field, its set of solutions is called flow, parametrized
with the starting point of the dynamics. Formally, the flow is

1With ∆m we denote a generic m-dimensional simplex.



defined as ϕ : R×D → Rd, where t 7→ ϕ(t, x) is the solu-
tion to the system such that ϕ(0, x) = x. Given a set S ⊂ D,
we call S(t) = {ϕ(s, t) : s ∈ S} the evolution of S under
the flow ϕ at time t. Denoting with volS(t) its volume, the
Liouville formula offers a alternative method to compute its
time derivative as:

d

dt
volS(t) =

∫
S(t)

div f dx, (2)

where div(f) =
∑d

i=1
∂fi
∂xi

is the divergence of f i.e., the
sum of the diagonal elements of its Jacobian. The most im-
mediate consequence is that, if the divergence is null, the
flow preserves the volume. In this case, the flow ϕ(·) is said
to be incompressible, i.e., the set S is allowed to move or
stretch under the flow of the dynamics, but cannot compress
or enlarge. This affects the shape of the trajectories, which
are not allowed to converge to a single point. This property
will be analysed for the trajectories of two-population SPGD
in Section 5.

Markov Decision Processes and Policy Gradient Al-
gorithm A Markov decision process (MDP) is a tuple
(S,A, P, r, γ, µ), where S and A are the sets of states and
actions, respectively, P : S × A → ∆(S) is the state-
transition probability function returning the probability to
transition to state s(t + 1) when performing action a(t) in
state s(t), r : S × A × S → R is the immediate reward
function returning the reward associated with a given transi-
tion, γ ∈ [0, 1] is the discount factor, and µ is the probability
distribution over the initial states. The goal of an agent is
to find a policy π(a|s), i.e., a mapping from states to ac-
tions, to maximize the expected sum of discounted future
rewards. RL offers a set of algorithms and techniques to per-
form sequential decision-making in MDPs whose parame-
ters are unknown. We focus on a particular class of widely
used RL algorithms: the Policy Gradient (PG) ones. PG al-
gorithms estimate the optimal policy by directly searching
over a parameterized policy space π(·|s,θ), where θ is a
real-valued vector of parameters. Formally, the problem con-
sists of finding the argmaxθ J(θ), where J(θ) is a perfor-
mance surface (usually the expected reward) achieved by
π(·|s,θ). The search is performed by a stochastic gradient
ascent procedure on J(θ), iteratively updating the parame-
ters as follows:

θ(t+ 1) = θ(t) + η∇θJ(θ(t)), (3)

where η ∈ R+ is a learning rate. We focus on the Soft-Max
parameterization (SPG algorithm), which is widely adopted
in practice with discrete action sets. In particular, the policy
takes the form:

π(a|s,θ) = eτf
a(s,θ)∑

a′∈A
eτfa′ (s,θ)

,

where τ ∈ R+ is an inverse temperature parameter, and
fa(·, ·) are function approximators, which are trained over
parameters θ to approximate the expected payoff of playing
action a in state s.

3 Soft-Max Policy Gradient Mean Dynamics
In what follows, we adopt a single-agent i perspective,
and derive the continuous-time mean dynamics of strategy
x(i)(t) evolving in a normal-form game against a generic
set of n − 1 opponents with joint strategy y(t).2 This dy-
namics was already presented in (Srinivasan et al. 2018),
but we report here the derivation for completeness. Normal-
form games can be modeled as a direct extension of MDPs,
namely stochastic games, in which the state-transitions
and the rewards depend on the joint strategy of all agents,
and a single state is present (for more details, we point
the reader to the work by Shapley (1953)). Thus, we can
safely drop the dependence of π(·|·, ·) and fa(·, ·) from
the state s. In single-state environments, the SPG algorithm
needs to estimate one value for each action, which is equiv-
alent to faj (θ) = θj . Thus, the policy π(a|θ) is repre-
sented by a single strategy x(θ) ∈ ∆m which, through
θ = [θ1, . . . , θm], defines a probability distribution over ac-
tions aj , for every j ∈ {1, . . . ,m}, as follows:

xj(t) = xj(θ(t)) =
eτθj(t)

m∑
k=1

eτθk(t)
. (4)

Following the procedure proposed by Tuyls, Verbeeck, and
Lenaerts (2003), the time derivative of xj(t) can be formu-
lated in terms of time derivative of θ(t), as follows:

ẋj(t) = τ xj(t)

(
θ̇j(t)−

m∑
k=1

xk(t) θ̇k(t)

)
. (5)

Using the discrete-time variation of parameter vector θ(t)
provided in Equation (3), we obtain the corresponding
continuous-time mean dynamics as follows:

θ̇(t) := lim
δ→0

θ(t+ δ)− θ(t)

δ
= η∇θ J(θ(t)). (6)

We denote the payoff n-dimensional tensor of agent i with
A, and we obtain:

J(θ(t)) = x⊤(t)A y(t), (7)

and, by applying the chain rule, we have:

∇θJ(θ) =
∂J

∂θ
=

∂J

∂ x

∂ x

∂θ
= Ψ(x(θ))A y, (8)

where Ψ(x) is the Jacobian of the Soft-Max function, which
is a symmetric matrix defined as:

Ψ(x) = diag(x) (Im −X),

where diag(x) is the matrix of order m with diagonal en-
tries equal to x, Im is the identity matrix of order m, and X
is the matrix of order m where every row is x. Finally, the
mean dynamics of the SPG algorithm, called SPGD, are as
follows:
ẋj(t)

xj(t)
= τ

(
(η∇θJ(θ(t)))j − x(t)⊤η∇θJ(θ(t))

)
(9)

2For the sake of simplicity, from now on, we omit the super-
script ‘(i)’ from x(i)(t).



= ητ
(
(Ψ(x(t))Ay(t))j − x(t)⊤Ψ(x(t))Ay(t)

)
,

(10)

where Equation (9) is derived by substituting Equation (8)
into Equation (6), while Equation (10) follows from Equa-
tion (5). Notice that SPGD in Equation (10) resemble RD
in Equation (1). Indeed, in both dynamics, the time deriva-
tive of xj(t) is proportional to the difference between the
payoff provided by action aj and the average payoff pro-
vided by strategy x(t). However, they differ as, in SPGD,
the payoffs are weighted by the matrix Ψ(x). In other words,
SPGD and RD constitute the same set of differential equa-
tions except for an opportune, non-linear redefinition of the
fitness function: ΠRD(x(t),y(t)) = A y(t) in RD, while
ΠSPGD(x(t),y(t)) = Ψ(x(t))A y(t) in SPGD. Moreover,
note that the matrix Ψ(x) is singular (see Proposition 2
by Gao and Pavel (2017)), and, therefore, no transformation
applied to the payoff tensor A can lead to a new payoff ten-
sor Ã such that ΠSPGD on Ã is equivalent to ΠRD on A, sug-
gesting that the study of SPGD cannot be easily reduced to
the study of RD. Finally, observe that ΠSPGD(x(t),y(t))j =
[Ψ(x(t))Ay(t)]j = xj(t)(ej − x(t))⊤Ay(t) which is the
j-th component of the vector field associated with the RD.

4 Best-response Problem Analysis
The best-response problem is the central problem every
agent i needs to face when converging to a Nash equilib-
rium. This corresponds to a setting in which an agent max-
imizes her utility, while the opponents’ joint strategy y is
fixed during time. The following analysis focuses on non-
degenerate cases in which the best-response problem ad-
mits a unique optimal solution, i.e., there is a single best
response. The same analysis can be extended to the degen-
erate case in which there are multiple optimal solutions, and
the convergence is required to a generic strategy of the (con-
vex) set of the best responses. Initially, we state the follow-
ing lemma, which is a variant of the Polyak-Łojasiewicz in-
equality (Karimi, Nutini, and Schmidt 2016) and is instru-
mental to our analysis.

Lemma 1. Let ēj = argmax
k

{
e⊤k A y

}
e the single (pure)

best response, then it holds that:∣∣∣∣∇θJ(θ)
∣∣∣∣2
2
≥ xj(θ)

2 (J∗ − J(θ))2, ∀θ ∈ Rm, (11)

where J∗ = ē⊤j A y and || · ||z is the z-norm, and ēj ∈
∆m is the pure strategy in which action aj is played with
probability one.3

Relying on the result provided by Lemma 1, we state that
SPGD converge to the best response. Furthermore, we show
that the function V (t) = J∗ − J(θ(t)) is a Lyapunov func-
tion of those dynamics. Formally, we state:

Theorem 1. If y is fixed, x(0) ∈ int(∆m) (i.e., it is fully
mixed), and there is a single best response ēj , the SPGD
asymptotically converge to the best response ēj .

3All the proofs of the paper are deferred to the Appendix for
space reasons.

Note that the Lyapunov function V (t) is defined as the
difference between the optimal value J∗, corresponding to
the value provided by the best response, and the value of the
current state J(θ(t)). Therefore, it directly follows that:

Corollary 1. If y is fixed, x(0) ∈ int∆m, and there is a sin-
gle best response ēj , SPGD are such that J(θ(t)) is strictly
monotonically increasing in t.

Finally, we derive the convergence rate of SPGD by a non-
trivial adaptation of (Mei et al. 2020b, Theorem 2).

Theorem 2. Given function V (t) := J∗ − J(θ(t)), where
J∗ is the value of the best response and J(θ(t)) =
x(t)⊤Ay, then with SPGD it holds (for a suitable constant
C0 ∈ R+) that:

V (t) ≤ 1

η
(

m−ξ
m+ξ

)2
t+ C0

, (12)

where ξ is the optimality gap between the best re-
sponse ēj and the second best response, i.e., ξ :=
ē⊤j Ay−max

k ̸=j

{
e⊤k Ay

}
.

The idea behind the proof of Theorem 2 is to show that for
a best-response problem, there is a bad set, that the dynamics
leaves in finite time. Then, after the dynamics leaves the bad
region, we have an asymptotic analysis that that gives lin-
ear convergence rate. Note that the results about the discrete
version of the algorithm provided by Mei et al. (2020b, The-
orem 2) is less general than what has been proposed here
since it holds for stricter assumptions, i.e., only for a learn-
ing rate η = 2

5 , but has the same asymptotic convergence
rate of O(1/t).

Comparing the Behaviors of SPGD and RD in the
Best-response Problem
As discussed in Section 3, the difference between RD and
SPGD discussed that follows from the non-linear redefini-
tion of the fitness function Π(·), results in dynamics that are
dramatically different even if they both converge to the best
response. In this section, we theoretically analyze this dif-
ference in the Best-Response problem. We also provide ex-
perimental results that highlight its relevance in the case of
learning in games.

We start by recalling an interesting property of RD (Sand-
holm 2009). Let ēj be the unique pure best response, for ev-

ery action ak ̸= aj , it holds that d
dt

(
xk(t)
xj(t)

)
< 0, where the

inequality is strict as the best response is unique. Therefore,
in RD, xj(t) is strictly monotonically increasing in t, while
the ratio xk(t)/xj(t) is strictly monotonically decreasing in
t for every k ̸= j.4 We show that such a monotonicity prop-
erty does not generally hold in the case of SPGD, thus re-
sulting in more inefficient dynamics than RD. In particular,
we state the following exact characterization of the set of
bad initialization.

4Note that this does not exclude that xk(t) with k ̸= j is mono-
tonically increasing in t ∈ [0, t̄] for some t̄ > 0.



Theorem 3. Let ēj be the (unique) pure best response
against the fixed opponents’ joint strategy y. Then, in SPGD,
there is at least a k ̸= j such that d

dt

(
xk(t)
xj(t)

)
< 0. More-

over, if m > 2, there exists a non-empty subspace E ⊂ ∆m

such that if x(t) ∈ E then d
dt

(
xk(t)
xj(t)

)
> 0 for some

k ∈ {1, . . . ,m}, and the uniform initialization 1
m is always

outside E . The set E is the set defined as:

E =
⋃
b∈B

{
w ∈ ∆m |w = α b+(1−α) ēj , 1 > α > B(b)

}
,

where the set B ⊂ ∆m is the set of x such that xj = 0, and
B(b) ∈ [0, 1] is a well defined quantity for each b ∈ B.

Theorem 3 shows that, in SPGD, there is always at least
one non-optimal action k whose ratio with xj is decreas-
ing over time, but other actions might show an increasing
rate. Trivially, it follows that when m = 2, the monotonic-
ity property satisfied by RD also holds for SPGD. Further-
more, Theorem 3 states that the subspace E is an exact char-
acterization of the non-monotonic improvements, which in
the bandit setting the work by Mei et al. (2020a) call as bad
initialization. In Figures 1 and 2, we provide an example of
the bad initialization problem suffered by SPGD in the clas-
sical Rock-Paper-Scissors (RPS) game when the opponent’s
strategy is y = (0.05, 0.90, 0.05)⊤. In particular, Figure 1
shows that a good initialization in ∆3 \ E leads to dynamics
that approach the best response monotonically (green line), a
bad initialization in E leads to dynamics that initially get far
from the best response and subsequently approach the best
response (red line). As a result, a bad initialization leads to a
much slower convergence to the best response, as shown in
Figure 2. It is worth remarking that Theorem 3 guarantees
that an agent can always choose 1/m as a good initialisa-
tion. This result is in line with the result stated by Mei et al.
(2020b, Theorem 8) for the bandit setting, in which the con-
vergence to the optimal arm is monotonic if the initial policy
is 1/m. Theorem 3 also shows that the algorithm is partic-
ularly sensitive to slight variations to the opponents’ joint
strategy y, as a slight modification in y results in moving
the initialization of the algorithm from ∆m \ E to E , thus
leading to a dramatic stretching of the convergence time.

One key consequence of the continuous-time analysis of
the Best-response problem is the following theorem.

Theorem 4. Let A be a non-degenerate zero sum game with
unique fully mixed equilibrium. Then for each x(t) ∈ ∆m

s.t. x(t) ̸= 1/m there exists a strategy y ∈ ∆m s.t. x(t) ∈
E . Moreover, the problem of finding such a y is a linear pro-
gramming problem.

The theorem shows that in normal-form games with a
fully mixed equilibrium, every point x ∈ ∆m which is dif-
ferent from 1/m, can be made a bad initialization for a suit-
able choice of y. Moreover, the problem of finding such y,
is a linear program. This means that an adversarial oppo-
nent can choose a fixed strategy y such that for any initial
point x(t0) is in a bad initialization region, with the already
discussed consequences on the speed of convergence to the
Best-response.

5 Multi-agent Problem Analysis
In this section, we focus on the properties of SPGD when
multiple agents learn simultaneously. At first, we focus on
the single-population setting, and, after that, we focus on
the multiple-population games, restricting to the case of two
populations. As mentioned in Section 1, the former case is
instrumental for the subsequent study of the latter case, and
crucialto give a complete analysis from an EGT perspective.
In both cases, a central role is played by the connection be-
tween SPGD and RD we discussed in Section 3.

Single-Population Games
With a single population, SPGD is equivalent to RD, once
the fitness function has been redefined as ΠSPGD(x) =
Ψ(x)A x. Therefore, SPGD satisfy the same properties
(see, e.g., (Sandholm 2009)) that RD would present when
applied to the game with fitness function ΠSPGD. How-
ever, due to the non-linear correspondence between the two
games, only a subset of these properties is preserved when
considering the original game. In particular, we focus on
the properties of the revision protocol of SPGD and on the
asymptotic stability of NEs.

Initially, we derive the revision protocol ρ(A) : Rm →
Rm×m of SPGD, which is crucial for the study of its prop-
erties. The revision protocol represents the switch rate of an
individual of the population from strategy k to strategy j,
formally for the SPGD we have:

ρ
(A)
kj (x) = xj [ΠSPGD(x)j −ΠSPGD(x)k]+

= xj

[
xj(Ax)j − xk(Ax)k + (xk − xj)x

⊤ Ax
]
+
.

(13)

In the work by Sandholm (2017), the author identifies four
main properties related to the revision protocol of evolution-
ary dynamics in game theory: continuity (C), scarcity of data
(SD), Nash stationarity (NS), and positive correlation (PC).
The revision protocol of RD (or, more simply, RD) satisfies
all these properties with the peculiarity that NS is satisfied
only when restricting to int(∆m). The revision protocol of
SPGD (or, more simply, SPGD) satisfy the same properties
of RD except for SD. More specifically, the SD property re-
quires that the switch rate prescribed by the revision proto-
col from strategy k to strategy j depends only on xj , (A x)k,
and (A x)j . This property is related to the demand in terms
of amount of information required by the evolutionary dy-
namics. In SPGD, this property does not hold as ρ

(A)
kj (x)

in Equation (13) also depends on xk, and, therefore, SPGD
is requiring stronger assumptions in terms of information
available to the agents than those required by RD. The C
property trivially holds in SPGD. The NS property requires
that NEs are stationary points of the dynamics, whereas the
PC property requires that in non-stationary points, strate-
gies’ growth rates are positively correlated with their pay-
offs. We show that these two properties hold in SPGD.
Lemma 2. SPGD satisfy properties NS, when restricting to
int(∆m), and PC.

Finally, we focus on the relationship between the asymp-
totically stable states of SPGD and those of RD. It is



E

R

P

S

Figure 1: SPGD (red and green) and
RD (in blue) trajectories in RPS
game. The subspace in orange con-
tains the bad initializations.

τ t

x
P
(t
)

x
S
(t
)

SPGD
SPGD
RD

Figure 2: Ratio xP (t)/xS(t) over time t ≥
0. At t = τ the dynamics in red leave sub-
space E .

R

P

S

SPGD
RD

Figure 3: SPGD and RD trajectories
with the good RPS population game.

well-known that RD converge to special points of interest
such as Evolutionary Stable Strategies (ESS) when x(0) ∈
int(∆m), see, e.g., (Cressman and Tao 2014; Sandholm
2017). We show that SPGD converge to the same space of
ESSs when restricting to int(∆m), and therefore, in the inte-
rior of the simplex, the spaces of asymptotically stable states
of RD and SPGD coincide. To achieve this result, we use the
concept of Regular ESS (RESS) (Sandholm 2010a), defined
as follows:

Definition 2. Strategy x̄ ∈ is a RESS for a population game
with fitness function Π(·) if:

(i) Πk(x̄) = x̄⊤Π(x̄) > Πj(x̄), if x̄k > 0 and x̄j = 0;

(ii) z⊤DΠ(x̄)z < 0 for all z ̸= 0, z ∈ T;

where T is the tangent space to the m-simplex, and DΠ(x)
denotes the derivative of Π in x.

The following lemma shows that the RESSs of the sym-
metric normal-form game defined by the payoff matrix A
are RESS of the population game defined by the fitness
ΠSPGD(x).

Lemma 3. If x̄ ∈ int(∆m) is a RESS for the symmetric
normal-form game A, then x̄ is a RESS for the population
game defined with fitness function ΠSPGD(x).

Interestingly, Lemma 3 shows that the asymptotically sta-
ble states of SPGD and RD coincide whenever the space of
RESS and the space of ESS coincide. This happens when
we consider games such as the good RPS game (Sand-
holm 2017). Indeed, in Figure 3, we see, as prescribed by
Lemma 3, that the trajectories of RD and SPGD converge to
the center of the simplex, which in this case is a RESS. More
in general, ESSs and RESSs coincide in symmetric normal-
form games whenever they are fully mixed. By using this
condition and Lemma 3 to show the following result.

Theorem 5. Let x̄ ∈ int∆m be an ESS for the symmetric
normal-form game A. Then, it is asymptotically stable for
SPGD.

It is well-known that a ESS is an asymptotically stable rest
point for the RD (Hofbauer and Sigmund 1998). Theorem 5
shows that the same behavior of RD also holds with SPGD,
over the internal ESS.

Multiple-Population Games
We extend the results discussed above for the single-
population case to multiple populations, investigating the
convergence of the SPGD. We restrict to the case of two
populations, each evolving according to the SPGD. Let
x(t) ∈ ∆m, and y(t) ∈ ∆m be the first and second pop-
ulations, respectively, while A ∈ Rm×m and B ∈ Rm×m

are their payoff matrices, respectively. SPGD are described
by the following coupled sets of differential equations for
each k ∈ {1, . . . ,m}:

ẋk

xk(t)
= ητ

(
(Ψ(x(t))Ay(t))k − x(t)⊤Ψ(x(t))Ay(t)

)
ẏk

yk(t)
= ητ

(
(Ψ(y(t))B x(t))k − y(t)⊤Ψ(y(t))B x(t)

) .

(14)
Let us define Π

(A)
SPGD(x,y) = Ψ(x)A y, and

Π
(B)
SPGD(x,y) = Ψ(y)B x. To clarify further the re-

lationship between SPGD and RD, we define the two
following normal form games:

G = ({1, 2}, {A1,A2}, {A,B}),
P = ({1, 2}, {∆m,∆m}, {Π(A)

SPGD,Π
(B)
SPGD}),

where, with abuse of notation, we use the payoffs matrices to
identify the payoffs of G. Similarly, the payoffs to the play-
ers in P are defined by r(1)(x,y) = x⊤ Π

(A)
SPGD(x,y), and

r(2)(x,y) = y⊤ Π
(B)
SPGD(x,y). Once again, we observe that

SPGD on G is equivalent to RD on the game P .

Properties of P . One of the main differences between the
game G and P is that one cannot define the game P by re-
defining the payoff matrices A and B. Indeed, it also re-
quires to change the correct action space in which to view
the dynamics. Moreover, any pure strategy in the game P
gives a zero payoff and the mixed extension of the game
does not correspond to the expected value of pure strategies.
Specifically, the game P is a differentiable game (using the
definition by Letcher et al. (2019)), with payoffs r(1) and
r(2). This shows that the study of SPGD is equivalent to the
study of the properties of RD on the differentiable game P
instead of the well studied normal form game G. A com-
plete study of the RD in a general differentiable game is left
as a future work. Instead, we focus on the game theoretic
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properties that are preserved between the game P and G, in
particular concerning equilibria.

Let NE(G) be the set of Nash equilibria of the normal-
form game G, and NE(P) the set of Nash equilibria of the
game P . In the following theorem, we show that only over
interior points NE(G) and NE(P) coincide:
Theorem 6. In every normal-form game, it holds that:

NE(G) ∩ int(∆m)2 = NE(P) ∩ int(∆m)2.

The behavior on to the border of the simplex is much more
complex to study. Indeed, one can shows that the value of
the payoffs at each NE of the non-linear game P is 0, and
it is straightforward to observe that this value is attained for
all couple of pure strategies. This suggests that game P has
more NEs on the border with respect to G, and some local
stability properties could lead to unexpected behaviors when
the dynamics are near pure strategies.

Volume and Convergence.
Even if the equivalence explored above points to which

properties we can expect from SPGD, the non-linearity of P
makes it impossible to apply the known results of RD to our
case. In particular, two-population RD do not converge to
interior points of ∆m ×∆m (Ritzberger and Weibull 1995,
Proposition 6). This classical result is established by proving
that RD in bimatrix games preserves a certain volume form:
in particular, the dynamics of a suitable reparametrization of
RD preserves the volume in the reparametrized space. Many
recent papers (among others (Mertikopoulos, Papadimitriou,
and Piliouras 2018; Cheung and Piliouras 2020)) exploit vol-
ume preservation properties of RD, to study the long-term
behaviour of no-regret learning dynamics. The incompress-
ibility results in these works are usually established for the
RD in the cumulative payoff space as first done in (Hofbauer
1996). In what follows, we use the same argument as in the
classical proof by Ritzberger and Weibull (1995) to show
that SPGD preserves the volume in the interior of the prod-
uct of simplices, allowing us to prove negative convergence
results for each bimatrix game G. As we already mentioned
above, even with the equivalence that we have analyzed be-
tween RD and SPGD, we cannot apply known results or RD,
since the multi-linearity of the payoffs is used as a key in-
gredient in the original proof. By the Liouville formula (2)
described in Section 2, it is sufficient to show that the di-
vergence of the reparametrized flow in the interior of the

simplices is null, to obtain the invariance in time of the as-
sociated volume.
Lemma 4. The flow of SPGD preserves a volume form in
int(∆m ×∆m).

Thanks to Lemma 4 it is possible to obtain the non-
convergence of the two-population SPGD in an interior
point.
Theorem 7. No closed set in int(∆m ×∆m) is asymptoti-
cally stable for the SPGD.

Since the volume considered blows up to infinity near the
border of the simplex, its invariance does not prevent a pri-
ori a dynamics starting from the interior from converging
asymptotically to the border, which may happen with pure
NE. On the other hand, the theorem tells us that in games
G like RPS, where the only NEs are in the interior of the
strategies space, the dynamics will never converge to any
NE. Theorem 7 also restricts the possible long-term behav-
iors to, either converge to the border, or being recurrent in-
side the interior of the action space.

Experimental Evaluation on Two Population
Games
In this section, we analyze the behaviour of SPGD in two-
population games. We analyse the same rock-paper-scissor
game used in Section 4, in which both players strate-
gies evolves according to the discrete SPG dynamics. We
study the evolution of an initial set S(t0), and provide re-
sults on the evolution over time of its diameter d(S(t)),
where the diameter d(A) of a set A is formally defined as
d(A) = sup

x1,x2∈A
||x1 −x2 ||2. We run 50 independent ex-

periments sampling uniformly (through rejection sampling)
10 points from the region S(t0) on the simplex with cen-
ter in (1/6, 1/3, 1/2)⊤, and ℓ1 diameter of 1/8. We used
η = 0.1 as learning rate of the SPG, time horizon T =
10, 000, and y(t0) has been initialized uniformly at random
for each seed. Figure 4 shows the average approximate di-
ameter d(S(t)), where the averaging is done over the 10 ran-
dom points in the initial region S(t0) and light blue areas
represents the standard deviation.

What emerges is that the diameter of an initial set S(t0)
grows over time and converges to

√
2, which is the maxi-

mum ℓ2 diameter in simplices. Intuitively, this means that
any two strategies that are close at the beginning of the
learning process, may end up in far points at the end of
the learning process. The experimental evaluation points to
the chaotic behaviour of the SPG algorithm, that also oc-
curs for Multiplicative Weight Update (Arora, Hazan, and
Kale 2012), i.e., the discrete equivalent of RD in zero-sum
games (Cheung and Piliouras 2020).

Figure 5 provides the dynamics of x(t) for one of the
seeds. The starting strategies (depicted in blue) at t0 are
close together in the small region S(t0). Instead, at the end
of the time horizon they are scattered throughout the entire
strategy space (depicted in red). This suggest that there is
indeed a chaotic behaviour, because small deviations in the
starting initialization leads to large deviations in the final
strategies.
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