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Abstract

A challenge in reinforcement learning (RL) is minimiz-
ing the cost of sampling associated with exploration. Dis-
tributed exploration reduces sampling complexity in multi-
agent RL (MARL). We investigate the benefits to perfor-
mance in MARL when exploration is fully decentralized.
Specifically, we consider a class of online, episodic, tabular
Q-learning problems under time-varying reward and transi-
tion dynamics, in which agents can communicate in a de-
centralized manner.We show that group performance, as mea-
sured by the bound on regret, can be significantly improved
through communication when each agent uses a decentral-
ized message-passing protocol, even when limited to send-
ing information up to its γ-hop neighbors. We prove regret
and sample complexity bounds that depend on the number
of agents, communication network structure and γ. We show
that incorporating more agents and more information sharing
into the group learning scheme speeds up convergence to the
optimal policy.

Introduction
Multi-agent games capture the salient features of cooper-
ation, competition and mixed motives arise in multi-agent
systems. Similar to the single-agent setting, in MARL agents
try to maximize their cumulative reward through estimation
of value function. Typically what sets MARL systems apart
from a group of single-agent RL decision makers is the con-
sideration of the joint action space; that is, agents must coor-
dinate their efforts in order to converge on the optimal joint
policy. We measure this convergence in two ways: sample
complexity, which bounds the number of reward samples
needed to find an approximately optimal value function, and
regret, which bounds the cumulative value function error
over time. We denote an algorithm as sample efficient if it
has near-optimal sample complexity.

In training MARL algorithms, allowing agents to share
value function parameters or reward samples can lead to
faster convergence, but it still remains an open question
whether this information sharing should be centralized or
decentralized. There has been empirical evidence (Rashid
et al. 2020; Foerster et al. 2018; Wang et al. 2020) that train-
ing using a central controller to aggregate joint states and
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actions is effective even when the state and action spaces
are large. However, as the number of agents increases, the
number of joint states and actions becomes exponentially
large, demanding more storage space to tabulate scenarios,
increasing the space complexity. Due to the distributed na-
ture of real-world MARL applications and the combinato-
rial complexity of MARL, there has been increased inter-
est in developing theory for decentralized model-free algo-
rithms that allow agents to train and to perform optimally
with space complexity remaining polynomial in the number
of agents (Dubey and Pentland 2021; Zhang et al. 2021b,a),
particularly when the problem of optimizing the joint action
factors as optimizing the individual agent actions.

A key underlying trade-off in RL is known as exploration
versus exploitation; an efficient exploration strategy is al-
ways necessary to discover new scenarios while capitaliz-
ing on experience from prior scenarios. Upper-confidence
bound algorithms, such as those utilized in episodic model-
free Q-learning (Jin et al. 2018a; Zhang, Zhou, and Ji 2020)
literature, choose a time-varying, Hoeffding-style explo-
ration bonus leading to Õ(

√
H4SAT ) regret1. Here, S is

the number of states, A is the number of actions, H is the
number of steps per episode, and T is the total number of
reward samples. The exploration bonus is chosen to match
the value function error up to a constant factor.

Multi-agent reinforcement learning changes the land-
scape of exploration because multiple agents interact with a
shared environment simultaneously and share information.
A naive application of the single-agent result running in par-
allel gives Õ(M

√
H4SAT ) regret, where M is the number

of agents. In this paper, we show how tabularQ-learning can
give Õ(

√
MH4SAT ) regret by providing an optimal ex-

ploration strategy that considers communication among the
agents to accelerate online learning.

Our results apply to tasks in which each agent in a net-
work learns an optimal value function under the episodic
Markov decision process (MDP) paradigm. We focus on the
scenario where agents interact with their respective MDP in
parallel, and there is no coupling between joint actions and
the joint reward. Agents are allowed to perform one action
and one round of message passing per time step. To this
end, we investigate the principle of exploration by proxy.

1Õ ignores log terms.



Specifically, we ask the question: if agents operate in simi-
lar environments, can they share samples in such a way that
enables discovery of the optimal policy faster than individ-
ual agents operating in parallel? To this end, we propose an
algorithm that permits full decentralization of the learning
process in which agents explore proportional to the amount
of information they receive from other agents. Agents use
a message-passing communication scheme where an agent
can send and receive information up to its γ-hop neighbors.

Contributions. The key contributions of this paper are as
follows: (1) we provide a novel multi-agent UCBQ-learning
algorithm in which agents use message passing to share in-
formation, and (2) we show that group performance, as mea-
sured by the bound on regret, improves upon the Hoeffding-
style exploration strategy in the single agent setting by a
factor of

√
1/M . Moreover, our regret takes into consider-

ation the network structure and communication threshold γ,
suggesting that even mild communication leads to improve-
ment in the regret. As far as we know, this paper provides
the first multi-agent regret bound for decentralized tabular
Q-learning for a general network.

Related Work
EpisodicQ-learning. OnlineQ-learning has become a pop-
ular approach when agents do not have access to a genera-
tor/simulator. Jin et al. (2018a) provide both O(

√
H4SAT )

andO(
√
H3SAT ) theoretical regret bounds for episodicQ-

learning under time-varying dynamics, i.e. state transitions
and reward structures. The extra

√
H factor can be attributed

to accurate estimation of the moments of the empirical value
function. Zhang, Zhou, and Ji (2020) improve this regret
bound toO(

√
H2SAT ), which is proved in (Jin et al. 2018a;

Jin, Liu, and Miryoosefi 2021) to be minimax-optimal in the
single-agent case.

Fully Decentralized Multi-Agent Reinforcement
Learning. Theoretical analysis of decentralized reinforce-
ment learning is still a new and growing field. Several
works provide a decentralized actor-critic approach to
convergence guarantees in the cooperative setting (Zhang
et al. 2018; Zhang, Yang, and Basar 2018), although no
finite-time sample complexity results are provided. Zhang
et al. (2021a) provide O(ε−2) sample complexity analysis
for cooperative actor-critic under a general utility function
by empirically estimating the state-action occupancy mea-
sures; our method differs by being value-based only and
does not require differentiating the cumulative reward with
respect to the occupancy measures. Zhang et al. (2021b)
provide a finite-sample PAC bound in the cooperative and
competitive batch (i.e. not online) settings. In contrast,
Zhang et al. (2020) and Sayin et al. (2021) provide a finite
sample analysis for MARL in zero-sum Markov games, but
emphasize only the competitive setting. Arslan and Yüksel
(2017) consider decentralized Q-learning, but also for
competitive MARL only. For continuous state and action
spaces, Asghari, Ouyang, and Nayyar (2020) provide a
decentralized multi-agent regret bound for linear-quadratic
systems for unknown dynamics and a one-directional

communication from the agent controlling the unknown
system to the other agents, suggesting that ideas from
discrete Q-learning algorithms (such as ours) can be readily
extended to continuous domains. Dubey and Pentland
(2021) provide multi-agent regret bounds for cooperative
RL for parallel MDPs (see Preliminaries). A linear function
approximation and a central server are used to perform
least-squares value iteration with shared transition samples.
Our work complements these results by providing the
first decentralized multi-agent regret bound for tabular
Q-learning, with message passing eliminating the need for a
central server. In the sequel, we show further that our bound
matches centralized benchmarks.

Mathematical Preliminaries
We consider parallel MDPs (Dubey and Pentland 2021;
Bernstein et al. 2002), which are defined as a collection
{MDP(Si,Ai,Pi, ri, γd)}Mi=1, where each agent i ∈ [M ]
has access to identical state space Si = Sj and action
space Ai = Aj , ∀i, j ∈ [M ]. The joint state space is
S = S1 × S2 × ... × SM . The joint action space is simi-
larly A = A1 ×A2 × ...×AM . Again we take γd = 1.The
local reward functions ri and transitions Pi can be different
but only depend on the local state and action information
of each agent. Thus, each agent interacts in parallel with
their corresponding MDP, and there is no coupling between
the state and actions chosen by an agent and the reward re-
ceived by any other agent. Here, we let r = r1 = ... = rM
and P = P1 = ... = PM , such that every agent interacts
with the same MDP.

Dubey and Pentland (2021) provide a multi-agent regret
bound under heterogeneous reward and transition structure
using estimation of the feature covariance and bias. In con-
trast, our framework permits direct sharing of transition-
reward tuples where the Q-function can be tabulated di-
rectly. We let the M agents communicate over a network G
with edge setE. In the episodic setting, each agentm ∈ [M ]
gets a potentially time-varying local reward rh(xkm,h, a

k
m,h)

for the state-action pair it chooses at step h of episode k. In
the Parallel MDP construction, we assume that average total
reward and transition probability are decoupled:

rtot(x,a) :=
1

M

M∑
i=1

ri,h(xi,h, ai,h)

P (x′|x,a) :=

M∏
i=1

P (x′i|xi, ai).

The objective is then to maximize the global (average total)
reward through optimization of local (individual) rewards.
The cumulative value error is measured by the group regret:

RegretG(K) :=

M∑
m=1

Regretm(K)

Here, we show that the local optimizations are provably ac-
celerated through communication.



MARL with Full Communication
Algorithm
We consider a multi-agent extension to the online Q-
learning algorithm provided by (Jin et al. 2018a). Consider
M agents operating in a parallel MDP for K episodes of
length H . In the single-agent case, each agent makes one
update corresponding to the state-action pair (xkh, a

k
h) vis-

ited at each step h of episode k, for a total of T = HK
samples. In the multi-agent case, at each time τ , each agent
m ∈ [M ] sees a state-action pair (xkm,h, a

k
m,h), reward

rh(xkm,h, a
k
m,h), and next state xkm,h+1 and exchanges mes-

sages with its neighbors. We consider a message-passing
protocol in which each agent m ∈M sends to its neighbors
a message mk

h := 〈h, k,m, xkm,h, akm,h, xkm,h+1, r
k
h〉 con-

taining step, episode, agent id, current state, current action,
next state and current reward. Each neighbor then forwards
the message to its neighbors. All messages older than γ are
excluded. Here 0 ≤ γ ≤ D(G), where D(·) is graph diame-
ter. The message-passing protocol allows each agent to send
information up to γ-hop neighbors. For γ = 0, we recover
M copies of the single-agent case with no communication
and group regret O(M

√
T ).

We make several definitions for the Q-learning update.
Definition 1. (Number of state-action observations)

Nk
m,h(x, a) :=

k∑
`=1

M∑
j=1

1[x`j,h = x, a`j,h = a]1[(m, j) ∈ E],
(1)

Counting the state-action visitations is crucial for control-
ling the error due to exploration in UCB-style algorithms.
For any set S of agents, we take Nk

S,h(x, a) to be the small-
est number of samples available to any agent m ∈ S.

Consider the power graphGγ ofG: nodesm andm′ share
an edge if and only if d(m,m′) ≤ γ. Let Gγ(m) be the
neighbors of m in Gγ . Define set Vkm,h(x, a) = V ,

V =


{ ⋃
i∈Gγ(m)

(rk−1i,h , xk−1i,h+1)
}
∃i : Nk

i,h(x, a) > 0

∅ o.w.
to be the set of all new reward and next-state tuples avail-
able to each agent m for state-action pair (x, a) for any
agent across the network at step h and episode k. De-
fine Ukm,h to be the set of reward and next-state tuples
taken by and observed by agent m. Clearly, Ukm,h(x, a) =

{(rk−1m,h , x
k−1
m,h+1)}. The update rule for Vkm,h(x, a) is

Vkm,h = Ukm,h ∪ {
⋃
m′∈G

Vkm′,h−d(m,m′)+1},

where Vkm,h(x, a) = ∅ if Nk
m,h(x, a) = 0 and h < 0.

Assume for fixed (x, a, h, k), |Vkm,h(x, a)| > 0. Let tm =

Nk
m,h(x, a). The Q-learning update is

Qk+1
m,h(x, a) :=

∑
(r,x′)∈Vkm,h(x,a)

(1− αm,t)Qkm,h(x, a)

+ αm,t[r + V km,h+1(x′) + bm,t]

The online multi-agent Q-learning algorithm with
Hoeffding-style upper confidence bound is provided in Al-
gorithm 1, where C(m) denotes the clique size of agent m
in the clique cover of Gγ .

Let tm = Nk
m,h(x, a) and suppose (x, a) was previously

taken at step h of episodes k1, ..., ktm < k, for each agent
m ∈ [M ]. Let t = supm∈[M ] tm and k1, ..., kt < k denote
the episodes where (x, a) was visited for any m ∈ [M ].
Let Nk

h (x, a) :=
∑
m∈[M ]N

k
m,h(x, a) represent the total

number of times (x, a) is seen by all agents. This makes the
episode-wise Q-function determined as:

Qkm,h(x, a) := α0
m,tH

+

t∑
(r,x′)∈Vim,h(x,a)

αim,t[r + V kim,h+1(x′) + bm,t].

As in (Jin et al. 2018a), theQ-learning update is highly asyn-
chronous. Thus, the regret bound depends on optimal choice
of αm,t, bm,t, network structure and γ.

Convergence proof
Let (x, a) be a state-action pair, m an arbitrary agent (esti-
mating the value function and Q-function) and (h, k) a step
and episode index, respectively. We briefly state some nota-
tion from (Jin et al. 2018b) extended to multiple agents.

Definition 2. (Estimated policy performance gap)

δkm,h := (V km,h − V
πm,k
m,h )(xkm,h)

Definition 3. (Value estimation error)

φkm,h := (V km,h − V ∗m,h)(xkm,h)

Definition 4. (Value gap due to modeling error)

ξkm,h := (Ph − P̂h)(V ∗m,h+1 − V
πm,k
m,h+1)(xkm,h, a

k
m,h)

Note that ξkm,h is a martingale difference sequence. The key
idea is to bound the estimated performance gap δkm,h recur-
sively for a given h in terms of δkm,h+1, φkm,h+1, and ξkm,h+1.

Assumption 1. (Episodic length bounds message life). As-
sume 0 ≤ γ ≤ min(D(G), H).

Lemmas 1 and 2 are reproduced from (Jin et al. 2018a).

Lemma 1. Let αm,t := H+1
H+t , where t denotes the num-

ber of times a state-action pair has been sampled, i.e. t :=
Nk
m,h(x, a). Let α0

m,t :=
∏t
i=1(1 − αm,i) and αim,t :=

αm,i
∏t
j=i+1(1− αm,j). The following hold for αim,t:

(a) 1√
t
≤
∑t
i=1

αim,t√
i
≤ 2√

t
.

(b) maxi∈[t] α
i
m,t ≤ 2H

t and
∑t
i=1(αim,t)

2 ≤ 2H
t for every

t ≥ 1.
(c)

∑∞
t=i α

i
m,t = 1 + 1

H for every i ≥ 1.

Lemma 2. (Recursion on Q) For any (m,x, a, h) ∈ S ×
A × [H], episode k ∈ [K], let t = Nk

h (x, a), and (x, a) be



Algorithm 1: Multi-Agent Q-learning with UCB-Hoeffding

INPUT: Qm,h(x, a)← H and Nm,h(x, a)← 0 for all (x, a, h,m) ∈ S ×A× [H]
1: for episode k = 1, ...,K do
2: receive vector x1.
3: for step h = 1, ...,H do
4: for agent m = 1, ...,M do
5: Take action akm,h ← arg max′aQ

k
m,h(xkm,h, a

′) and observe xkm,h+1.
6: Update Vkm,h, Ukm,h via message passing.
7: for each sample (r, x′) such that Vkm,h(x, a) 6= ∅ do
8: Nk

m,h(x, a)← Nk
m,h(x, a) + 1

9: t← Nk
m,h(x, a)

10: bm,t ← c
√
H3ι/(C(m), t)

11: Qkm,h(x, a)← (1− αm,t)Qkm,h(x, a) + αm,t[r(x, a) + V km,h+1(x′) + bm,t]

12: V km,h(xh)← min{H,maxa′∈AQ
k
m,h(xkm,h, a

′)}

observed by agent m at episodes k1, ..., kt < k. Then

(Qkh −Q∗h)(x, a) = α0
m,t(H −Q∗h(x, a))

+

t∑
i=1

αim,t(V
ki
m,h+1 − V

∗
m,h+1)(xkm,h)

+

t∑
i=1

[(P̂kih − Ph)V ∗m,h+1](xkm,h), akm,h)) + bm,t.

Lemma 3. (Bound on ξkm,h accumulation)

M∑
m=1

K∑
k=1

H∑
h=1

ξkm,h ≤
√

2H3MT log
(2

p

)
Proof. (Based on Dubey & Pentland (Dubey and Pentland
2021)). We know from Def. 4 that ξkm,h represents a martin-
gale difference sequence. A straightforward application of
the Azuma-Hoeffding inequality gives

P

(
M∑
m=1

K∑
k=1

H∑
h=1

ξkm,h > ε

)
≤ exp

( −ε2

2MH3K

)
.

Solving for ε completes the proof.

Lemma 4. (Clique bound on Q-error) Let Cγ be a partition
of Gγ . If for every clique C ∈ Cγ we assign exploration
bonus bm,t = bC,t = c

√
H3ι/(|C|t) ∀m ∈ C, we have

bounded error rate em,t = eC,t = 2
∑
m∈C

∑tm
i=1 α

i
1,tbi ≤

4c
√
|C|H3ι/t, ∀m ∈ C, where tm = Nk

m,h(x, a) is the
number of times (x, a) has been seen by step h in episode
k by agent m. Further, there exists an absolute constant
c > 0 such that, for any p ∈ (0, 1), with probability at
least 1− p, we have simultaneously for all (x, a, h, k,m) ∈
S ×A× [H]× [K]× [M ]:

0 ≤
∑
m∈C

(Qkm,h −Q∗m,h)(x, a) ≤ |C|α0
1,tH

+
∑
m∈C

tm∑
i=1

(V kim,h+1 − V
∗
m,h+1)(xkim,h+1) + eC,t.

Proof. First, consider a clique C ∈ C. Assume γ > 0.
Fix (x, a, h) ∈ S × A × [H]. Let ki be the episode
where (x, a) is seen for the ith time (by any agent), and
ki = K + 1 if (x, a) hasn’t been seen for the ith time yet.
Thus, ki is a random variable and a stopping time. Next, let
Xm,i = 1[ki ≤ K] · [(P̂kih −Ph)V ∗m,h+1](x, a). For filtration
{Fi}i≥0, it can be seen that {Xi}i≥0 is a martingale differ-
ence sequence by taking E[Xm,i|Fi−1]1[ki ≤ K] ·E[(P̂kih −
Ph)V ∗m,h+1|Fi−1] = 1[ki ≤ K] · E[V ∗m,h+1(xkih+1) −
Ex′∈Ph(·|x,a)V

∗
m,h+1(x′)|Fi−1] = 0.

Let τm represent the fixed total number of Q-updates
made by each agent m, and τC the number of samples gen-
erated by the clique. We proceed to bound the augmented
trajectory length τm by the total samples generated by the
clique. Consider an index set IC ⊂ [τm] for an agent m ∈ C,
which represents the total number of samples generated by
the clique. Clearly, |IC | ≤ τC since an agent’s clique is
connected under Gγ . Let IG/C := [τm]/IC , i.e. |IG/C | =
τM − |IC |. By the Azuma-Hoeffding inequality and a union
bound, for fixed (x, a, h), we have for any collection of fixed
data-sets {τm}Mi=1 of size τm ∈ [0,MK] ∀m, with proba-
bility 1− p/(MSAH):∣∣∣∣∣ ∑
m∈C

τm∑
i=1

αim,τm ·Xm,i

∣∣∣∣∣
≤

∣∣∣∣∣ ∑
m∈C

∑
i∈IC

αim,τm ·Xm,i

∣∣∣∣∣+

∣∣∣∣∣ ∑
m∈C

∑
i∈IG/C

αim,τm ·Xm,i

∣∣∣∣∣
≤

∣∣∣∣∣ ∑
m∈C

τC∑
i=1

αim,τC ·Xm,i

∣∣∣∣∣+

∣∣∣∣∣ ∑
m∈C

τm−τC∑
i=1

αim,τm−τCXm,i

∣∣∣∣∣
≤

√
|C|H3ι

τC
+

√
|C|H3ι

τm − τC
where ι = p/(MSAH). This follows since {αim,M}Mi=1

is dominated pointwise by {αim,N}Ni=1 for any M > N .
Since τ ∈ [0, |C| · K], the above bound also holds for



τC = t := Nk
m,h(x, a), which is a random variable. Since

1[ki ≤ K] for any i ≤ Nk
m,h(x, a), we have that with prob-

ability 1−p, for all (m,x, a, h, k) ∈ [M ]×S×A×[H]×[K],

|
∑
m∈C

∑t
i=1 α

i
τm ·Xm,i| ≤ c

√
|C|H3ι

t . Thus, picking ex-

ploration bonus bC,t := c
√

H3ι
t|C| ,∑

m∈C
(Qkm,h −Q∗m,h)(x, a)

≤|C|α0
tH +

∑
m∈C

tm∑
i=1

αim,t(V
ki
m,h+1 − V

∗
m,h+1)(xkih+1)

+ 2
∑
m∈C

tm∑
i=1

αim,tbm,t

≤|C|α0
tH +

∑
m∈C

tm∑
i=1

αim,t(V
ki
m,h+1 − V

∗
m,h+1)(xkih+1)

+ 4c

√
|C|H

3ι

t

≤|C|α0
tH +

∑
m∈C

tm∑
i=1

αim,t(V
ki
m,h+1 − V

∗
m,h+1)(xkih+1)

+ eC,t,

where α0
t denotes the default initial learning rate. Thus, ex-

ploration error accumulation em,t = eC,t ≤ 4c
√
|C|H3ι/t,

∀m ∈ C. If the clique structure is not known, we can bound
em,t ≤

√
N (m)H3ι/t ≤ eC,t, where N (m) represents

neighbors of node m in G.

Remark 1. This analysis allows exploration by proxy. That
is, all agents in a clique C are able to explore proportional
to the size of the clique, and share the resulting samples. If
d∗C ≤ |C|, then τm − τC = 0. So assume d∗C > |C|. We
show that the number of samples used by clique C is approx-
imately generated by C, and the concentration is bounded by
the left hand term.

Lemma 5. (Single agent cumulative value error). For fixed
h, we have

K∑
k=1

δKm,1 ≤ O
(
H2SA+

H∑
h=1

K∑
k=1

(enkm,h + ξkm,h+1)
)
.

Proof. See equation 4.8 of (Jin et al. 2018a).

Theorem 1. (Hoeffding regret bound for parallel MDP with
communication) There exists an absolute constant c > 0
such that, for any p ∈ (0, 1), if we choose bm,t = bC,t =

c
√
H3ι/(|C|t), then with probability 1 − p, the group re-

gret of multi-agent Q-learning with Algorithm 1 is at most
O(
√
MH4SATι), where ι := log(SATM/(p)).

Proof. Expanding the group regret defined earlier, we have

M∑
m=1

Regretm(K) =

M∑
m=1

K∑
k=1

[V ∗m,1(xk1)− V πm,km,1 (xk1)]

≤
M∑
m=1

K∑
k=1

[V km,1(xk1)− V πm,km,1 (xk1)]

=

M∑
m=1

K∑
k=1

δkm,1

We know from single-agent analysis that the regret at each
step h and episode k is bounded recursively as

δkm,h ≤ (V kh − V
πm,k
h )(xkm,h)α0

m,tH +

t∑
i=1

{
αim,tφ

ki
m,h+1

+ em,t

}
− φkm,h+1 + δkm,h+1 + ξkm,h+1

for t := nkm,h(xkm,h, a
k
m,h) and applying Lemma 3; see (Jin

et al. 2018a) for the complete derivation. Extending to a
clique performance gap is straightforward:∑

m∈C
δkm,h ≤

∑
m∈C

(V km,h − V
πm,k
m,h )(xkm,h)

≤ |C|α0
tH +

∑
m∈C

∑
i=1
(r,x′)

αim,tφ
ki
m,h+1 + eC,t

+
∑
m∈C

δkm,h+1 − φkm,h+1 + ξkm,h+1

for t = Nk
C,m(x, a). Let Cγ denote a clique covering of Gγ .

From Lemma 5,

M∑
m=1

K∑
k=1

δkm,1 ≤
∑
C∈Cγ

∑
m∈C

K∑
k=1

δkm,1

≤ O(1)
∑
C∈Cγ

∑
m∈C

K∑
k=1

em,nkm,h(xkm,h,akm,h)

≤ O(1)
∑
C∈Cγ

∑
m∈C

K∑
k=1

(√
|C|H3ι

Nk
m,h(xkm,h, a

k
m,h)

+

√
|C|H3ι

N
G/C,k
m,h (xkm,h, a

k
m,h)

)
(1)
≤ O(1)

∑
C∈Cγ

√
KH3ι

d∗C − |C|

+O(1)
∑
C∈Cγ

K∑
k=1

|C| sup
(x,a): ∃m∈C:
(xkm,h,a

k
m,h)

=(x,a)

√
|C|H3ι

Nk
C,h(x, a)

)

(2)
≤ O(1)

√
χ̄(Gγ)KH3ι

deff
Gγ

+O(1)
∑
C∈Cγ

√
|C|H3SAKι



≤ O(1)

√
χ̄(Gγ)KH3ι

deff
Gγ

+O(1)
√
MH3SAKι

= O(1)

√
χ̄(Gγ)KH3ι

deff
Gγ

+O(1)
√
MH2SATι

where (1) comes from the fact that for any (x, a, k, h),
N
G/C,k
C,h (x, a) ≤ k|C|(d∗C − |C|), where d∗C is the max degree

in the clique. Expression (2) is due to Cauchy-Schwartz,
where deff

Gγ
:= (

∑
C∈Cγ (d∗C−|C|)−1)−1 and χ̄(Gγ) denotes

the clique covering number of the communication power
graph Gγ . In the worst case Nk

C,h = |C|2k/SA. Finally, the
total multi-agent regret is bounded as
M∑
m=1

Regretm(K) ≤
M∑
m=1

K∑
k=1

δK1,C

≤ O
(
MH2SA+

M∑
m=1

H∑
h=1

K∑
k=1

{
enkm,hξ

k
m,h+1

})
≤ O

(
MH2SA

)
+ Õ

(√
2H3MT

)
+

H∑
h=1

{
O(1)

√
χ̄(Gγ)KH3ι

deff
Gγ

+O(1)
√
MH2SATι

}

= Õ

(√
χ̄(Gγ)H4KTι

deff
Gγ

+
√
MH4SATι+

√
H3MT

)
(2)

with probability 1− p.

Remark 2. (On sample complexity). Note that
Algorithm 1 achieves a high probability regret
of

∑M
m=1

∑K
k=1[V ∗m,1(xkm,1) − V

πm,k
m,1 (xkm,1)] ≤

Õ(
√
MH4SATι). Suppose that we add the assump-

tion also that xk1 ← xnom ∀k for some nominal initial
state xnom. Then, by dividing by M and K, we see
that for any agent m and episode k, V ∗m,1(xkm,1) −
1

MK

∑M
m=1

∑K
k=1 V

πm,k
m,1 (xkm,1) ≤ Õ(

√
H5SA/ι(MT )).

Then, with probability 2/3, we randomly select an agent
m ∈ [M ] and policy π ∈ {πm,1, ..., πm,k} such that
V πm,1(xkm,1) − V πm,1(xkm,1) ≤ 3Õ(

√
H5SAι/(MT )) < ε

under policy π. Hence, the total number of samples required
are T = O(ε−2M−1/2)). Note that this is an O(M−1/2)
reduction in sample complexity from the single-agent
case (Jin et al. 2018a). If we do not place the restriction
on xk1 ← xnom ∀k, then we cannot make such a sample
complexity assertion, because there is no guarantee xk1 has
been seen again (Dann, Lattimore, and Brunskill 2017).
Remark 3. (Comparison with regret bounds in centralized
online learning). Our regret bound matches the group regret
bound O(

√
MT ) for centralized communication (Dubey

and Pentland 2021).

Experimental Results
In this section we provide numerical simulations to illustrate
results and validate theoretical bounds. We consider a coop-

erative game where the goal of each agent is navigating to a
specific landmark. This is a modified version of Cooperative
Navigation task (Lowe et al. 2020; Terry et al. 2021).

Here we consider M agents and M landmarks. Agents
are modeled with double-integrator dynamics; the (contin-
uous) state space is 4-dimensional and consists of a planar
position and a planar velocity. In our modified environment,
agents are assigned a landmark and rewarded based on their
distance to the landmark. We discretize the continuous state
space into a 10×10×10×10 grid on the box S = [−2, 2]4,
giving 104 total states. The agents’ are initialized to lie
within [−1, 1]4; states outside of S are mapped to the nearest
state in S. The action space is discrete and consists of move-
ments left, right, down, up and no-op. The re-
ward assigned to each agent is given as the euclidean dis-
tance to their assigned landmark. Note that since each agent
is rewarded locally based on their distance to their landmark
(instead of by interacting with other agents), the optimal
joint policy is attained through convergence to the optimal
local policy for each agent. We highlight how communica-
tion accelerates convergence to the optimal local policy, in-
cluding when agents must operate in under-explored regions
of the state space. Training is performed according to Algo-
rithm 1, and test performance is given as the average reward
accrued over a rollout of length H = 10 under the implied
policy πkm,h(s) := arg maxa∈AQ

k
m,h(s, a) for any agent

m, state s, step h, and episode k. Figures show average per-
formance over 10 trials.

Simple Communication with 2 Agents

Figure 1: Simple communication scenario

In this scenario, M = 2 agents (Red and Blue) must nav-
igate to assigned landmarks that are roughly at the same lo-
cation (at the origin), as shown in Fig. 1. During training,
the initial vector state x1 is chosen such that both agents
are at the same position every time: Red starts at position
[−1, 0] and Blue at position [1, 0]. Therefore, Red and Blue
explore regions of the state space that are roughly disjoint,
since any optimal trajectory will keep Red on the left half
plane and Blue on the right half plane. During testing, the
scenario is flipped: Red starts on the right and Blue on the
left. Without communication, Red and Blue will exhibit poor
rollout performance since for every step h ∈ H , Qkm,h(·, a)

will be at the default value of H and πkm,h(·) is uniform for
m ∈ {Red, Blue} . Fig. 2 plots the average reward per roll-
out versus the training episode.

Message Passing Communication with 4 Agents
In this scenario, M = 4 agents (Red, Green, Magenta, and
Blue) must navigate to assigned landmarks that are roughly
at the same location (also at the origin). During training, Red



Figure 2: Average group rollout reward achieved per episode
for the 2-agent scenario. When the initial states are swapped,
communicating agents perform better in the new scenario,
while non-communicating agents show little improvement.

Figure 3: Message passing communication scenario with
M = 4 agents with the communication network shown as
a dashed line.

is assigned initial position [−1, 1]/
√

2, Green [−1,−1]/
√

2,
Magenta [1,−1]/

√
2, and Blue [1, 1]/

√
2. The communica-

tion network is a line graph with Red connected to Green,
Green to Magenta, and Magenta to Blue, shown in Fig. 3
We take the message life parameter to be the diameter of the
graph, i.e. γ = 3. Similar to the first scenario, at test time
the positions of Red and Blue are switched. Since Red and
Blue do not share an edge, they must communicate state,
action and reward samples through message passing. Since
each episode is H = 10 > γ, samples are fully propagated
through the network one episode (i.e. H = 10 steps) later.
If γ = 3, Red and Blue show improvement when their ini-
tial condition is swapped. Fig. 4 plots the average reward per
rollout versus the training episode.

Figure 4: Average rollout reward achieved per episode for
the 4-agent scenario for different γ. The reward is averaged
over the Red and Blue agents. When the initial states of Red
and Blue, which do not share an edge, are swapped, both are
able to learn off-policy from message passing data.

Conclusion
Optimal exploration in online reinforcement learning is
a key consideration that impacts sample complexity. We
investigate the benefits of fully decentralized exploration
in MARL using regret as a metric. We provide a multi-
agent extension of the UCB-Hoeffding algorithm provided
in (Jin et al. 2018a) where the agents are equipped with
a message passing scheme. We prove a regret bound that
is Õ(

√
MH4SAT , an Õ(M−1/2) improvement over the

single-agent setting Specifically, we consider general net-
work G and show that the regret also depends on the clique
structure of the power graphGγ , in addition to the number of
agents. This key result suggests that the dense network struc-
ture, higher message life γ, and higher number of agents
M all reduce the average regret incurred by each agent, as
shown in the simulations. While the assumption of time-
varying dynamics demands samples that are polynomial in
the episode length H , cooperative estimation of the optimal
value functions allow parallel experience generation and ex-
ploration by proxy, or off-policy learning using communica-
tion. When the initial state is fixed, our regret bound corre-
sponds to O(ε−2M−1/2) sample complexity. Further work
may involve providing a multi-agent minimax-optimal re-
gret bound structure using a Bernstein-style or similar UCB
bonus as shown in (Jin et al. 2018a; Zhang, Zhou, and Ji
2020). Further, the message life γ should be optimized with
respect to the number of agents and network structure by
considering communication cost and privacy. We hope to ex-
tend our tabular results to deep Q-learning.
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